PHYSICS 410

THE WAVE EQUATION



1-d Wave Equation

e Continuum equation (non-dimensionalized, ¢ = 1)

w(r, ) = Uze, w(x,0) =ug(x), u(x,0)=v9(x), u(0,t)=wu(l,t)=0

e Interior FDA
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e T[runcation error
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e Discrete boundary conditions
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e Discrete initial conditions

e First time level comes from ug(x)

u; = ug(;)

o u? must be initialized up to and including terms of order O(At?):
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e Stability analysis

e First rewrite difference equation in “first order” form: introduce fv;‘ = u?_l:
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or, in matrix form
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e Under Fourier transformation this becomes
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e \We must now determine conditions under which above matrix has eigenvalues
that lie within or on the unit circle

e Characteristic equation (whose roots are the e.v.'s) is

2 —4X%sin?(£/2) —p -1
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or
©? + (4)\2sin2§—2>u—|—1:0.

e Equation has roots

5 1/2
(&) = (1 — 2)\?sin? g) + <(1 — 27 sin” g) - 1) .

e Need sufficient conditions for

(@) < 1,
or equivalently

n(@)” < 1.



e Can write

p€) =1-Q) £ (1-Q)* -1)2,
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where
Q = 2)\%sin

is real and non-negative (QQ > 0).

e [hree cases to consider:

1. (1-Q)?—-1=0,
2. (1-Q)?—-1<0,
3. 1-Q)—-1>0 .
e Case 1: Q =0 or Q = 2; in both cases |u(&)| =1
o Case 2: ((1—Q)%—1)Y2is purely imaginary, so
p@OF =1-Q)+1-(1-Q)* =1

e Case3: (1-Q)*-1>0 — (1-Q)*>1 — Q > 2, then

1-Q—(1-Q)°—-1"? < -1,



so stability criterion will always be violated.

e Thus, necessary condition for Von-Neumann stability is

1-Q)P—-1<0 — (1-Q)°<1 — Q<2.

e But Q = 2\sin?(£/2) and sin®(£/2) < 1, so have

for stability of our scheme



