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Abstract

This thesis is concerned with formulations of the Einstein equations in axi-
symmetric spacetimes which are suitable for numerical evolutions. The com-
mon basis for our formulations is provided by the (2+1)41 formalism. Gen-
eral matter sources and rotational degrees of freedom are included.

A first evolution system adopts elliptic gauge conditions arising from max-
imal slicing and conformal flatness. The numerical implementation is based
on the finite-difference approach, using a Multigrid algorithm for the elliptic
equations and the method of lines for the hyperbolic evolution equations.
Problems with both constrained and free evolution are explained from an
analytical as well as a numerical viewpoint.

The second half of the thesis is concerned with a strongly hyperbolic first-
order formulation of the axisymmetric Einstein equations. Hyperbolicity
is achieved by combining the (241)+1 formalism with the Z4 formalism.
The system is supplemented with generalized harmonic gauge conditions. A
careful study of the behaviour of regular axisymmetric tensor fields enables
us to cast the equations in a form that is well-behaved on the axis.

A class of exact solutions of linearized theory are used as a test problem in
order to demonstrate the accuracy of our implementation. We derive various
outer boundary conditions of dissipative and of differential type based on the
Newman-Penrose scalars and the constraint and gauge propagation systems.
The stability of these boundary conditions is examined both analytically and
numerically.

The code is applied to the evolution of strong Brill waves close to the
threshold of black hole formation. As a novel ingredient, a nonzero twist is
included. Adaptive mesh refinement is found to be crucial in order to resolve

the highly distorted waveforms that occur if harmonic slicing is used.
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Chapter 1

Introduction

1.1 Numerical relativity

Albert Einstein’s 1915 theory of general relativity has radically changed our
understanding of space and time. Whereas in previous field theories the
spacetime geometry was regarded as being fixed, with the other fields evolving
on top of it, the geometry is now part of the field equations themselves
and has thus entered the dynamical arena. Spacetime is described as a
four-dimensional manifold endowed with a Lorentzian metric, which sets the
lengths and angles measured between spacetime events. According to general
relativity, the metric is determined by the matter content of spacetime via
the field equations, and in turn the motion of the matter is determined by
the metric. Thus gravitation becomes a purely geometric concept.

Despite their elegant tensorial form, Einstein’s equations turn out to be
a complicated set of coupled nonlinear second-order partial differential equa-
tions when written out explicitly in terms of the metric. Only under rather
restrictive assumptions has one been able to find analytical solutions to these

equations, e.g., by imposing symmetries or considering weak perturbations
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about a fixed background solution.

One of the most promising routes towards a deeper understanding of
the full implications of general relativity appears to be the use of numerical
methods to solve the field equations. Since its first steps in the 1960s [75],
numerical relativity has sparked many new insights, including the discovery
of critical phenomena by Choptuik [40]. With gravitational wave observa-
tories such as LIGO, VIRGO, GEO, and TAMA soon expected to be fully
operating, there is today a strong demand for waveform templates from nu-
merical simulations of astrophysical scenarios such as the collision of black
holes or neutron stars.

Current research focuses on two main branches, which are increasingly
moving towards each other. The general relativistic side of the field is mainly
concerned with the geometry of spacetime, studying, for example, vacuum
black hole spacetimes, most notably the binary black hole problem. The
astrophysical side concentrates on the general relativistic motion of matter,
e.g., stellar collapse, and tries to incorporate physically realistic forms of
matter, equations of state and interactions. This thesis is almost entirely
concerned with the first approach.

For a comprehensive review of numerical relativity, we refer the reader to

the review article by Lehner [96].

1.2 Axisymmetry

Most of the early calculations in numerical relativity were concerned with
spherically symmetric spacetimes. Because this is effectively a one-dimensional
problem, it could be tackled with the modest computational resources avail-

able at that time. Powered by the rapid increase in the capacity and speed
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of hardware, attention has now almost entirely turned to the case without
any symmetries.

The intermediate case, axisymmetry, has not been studied to the same ex-
tent. However, axisymmetric situations occur frequently in astrophysics and
there are many interesting problems one can study: e.g., the head-on collision
of two black holes, rotating stars and accretion disks. In contrast to spherical
symmetry (as a consequence of Birkhoff’s theorem [20)]), axisymmetric space-
times admit gravitational waves. Evolving axisymmetric spacetimes is less
computationally expensive than the case without symmetries because there
are only two (rather than three) effective spatial dimensions. Thus many
questions in numerical relativity can be investigated much more directly.

The main difficulty with axisymmetric spacetimes is the coordinate singu-
larity on the axis in the coordinate system that is adapted to the symmetry,
cylindrical polar coordinates. Many attempts to deal with this proved un-
successful and numerical evolutions became unstable. There are many ways
to address this problem, of which we only outline the two most often used.

The cartoon method of Alcubierre et al. [[] uses Cartesian coordinates
and thereby avoids the coordinate singularity. In one of the three spatial
dimensions, the numerical grid consists only of a few (typically three) grid
points, and the axisymmetry is imposed by appropriate boundary conditions
in that direction. This method has been used successfully in practice, al-
though its stability properties are somewhat dubious [55]. An interesting
variant of the method that avoids the use of a third dimension altogether
can be found in [TT2].

The second approach, which we shall adopt in this thesis, uses cylindri-
cal polar coordinates and imposes appropriate reqularity conditions on the

variables at the axis r = 0 so that the equations are well-behaved there.
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This is the method used by Nakamura et al. [I04] and later by Garfinkle
and Duncan [62] and Choptuik et al. [A1] for a relatively simple formulation
of the axisymmetric Einstein equations. One of the main objectives of this
thesis is to develop a systematic regularization procedure for a rather general
(and complicated) system such as the one studied in chapter B Our regu-
larity conditions are based on the small-r behaviour of various axisymmetric
tensor fields derived in chapter

We apply a differential geometric trick in order to reduce the number of
variables we need to evolve: the axisymmetry is essentially “divided out” and
the Einstein equations are expressed entirely within the three-dimensional
manifold formed by the trajectories of the Killing vector generating the sym-
metry. This was invented in this context by Geroch [65] although the idea
resembles the famous Kaluza-Klein reduction [85,89]. In contrast to previous
numerical studies |1, [62], we do not restrict ourselves to the case in which
the Killing vector is hypersurface-orthogonal. Thus we are able to evolve

rotating spacetimes.

1.3 Evolution formalisms

To make the Einstein equations suitable for numerical treatment, one typ-
ically introduces a foliation of spacetime into three-dimensional hypersur-
faces. The most frequently used approach is to choose the hypersurfaces to
be spacelike, which leads to the ADM or 3+1 or Cauchy formulation of gen-
eral relativity [I2]. Another possibility is to take the hypersurfaces to be null,
which leads to the characteristic formulation [28, 120]. A third approach is
known as the conformal Einstein equations [56], in which one applies the

ADM approach to a larger unphysical spacetime which contains the physical
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one in a finite region. In this thesis, we will adopt the ADM formulation
and combine it with the aforementioned dimensional reduction, resulting in
what is known as the (2+1)+1 formalism [I00]. In this case, the slices of the
foliation are two-dimensional.

In the ADM approach, the Einstein equations split into elliptic constraint
equations within the spacelike hypersurfaces and hyperbolic evolution equa-
tions governing the time evolution normal to the hypersurfaces. The con-
straints are conserved by the evolution equations. In addition, certain gauge
variables appear that can be freely specified and that reflect the general co-
variance of general relativity — the field equations are invariant under trans-
formations of the spacetime coordinates. These basic properties immediately
raise two questions: firstly, how to choose the gauge (i.e., the coordinates)
and secondly, how to deal with the constraints during the evolution.

Since one does not normally know in advance what spacetime the initial
data one specifies on the initial hypersurface will evolve to, one would not
like to specify the gauge a priori as a fixed function of spacetime. Rather,
one would like to tie it to the dynamics so that it can adapt itself to the
solution. A first class of gauge conditions we consider in chapter Bl are based
on geometrical considerations: we choose the foliation such that the slices
have maximal proper volume and their induced metric is conformally flat.
This leads to elliptic equations for the gauge variables. The resulting system
is similar to the ones considered in [T, 62] but our version is more general
in that it includes rotation.

There are two different ways of dealing with the constraints. One can
either solve them during the evolution to update some of the variables (con-
strained evolution) or one can evolve all the variables via the evolution equa-

tions, leaving the constraints unsolved (free evolution). As we shall see, both
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approaches have certain advantages and disadvantages.

If one decides to adopt the free evolution approach, one can look for
strongly (or even symmetric) hyperbolic formulations of the Einstein equa-
tions, in a sense made mathematically precise in section B4l This requires
certain modifications to the ADM system, for that system is itself only weakly
hyperbolic [87]. Hyperbolic formulations of the Einstein equations have been
a very active area of research over the past few years and there exist today
a plethora of examples (see [I16] for a recent review).

Of the many techniques for obtaining hyperbolic systems, a particularly
simple and beautiful one is the so-called Z4 extension of the field equations
developed by Bona et al. [23]. This involves adding a covariant extra term to
the Einstein equations such that the enlarged ADM system is automatically
hyperbolic (subject to certain provisos). We apply this technique to the
(24+1)+1 formalism to obtain a new strongly hyperbolic formulation of the
Einstein equations tailored to axisymmetric spacetimes. Of course, we now
have to replace our elliptic gauge conditions with hyperbolic ones, and the
ones we use are a generalization of harmonic gauge, in which the spacetime
coordinates obey the wave equation.

In contrast to mixed hyperbolic-elliptic formulations, hyperbolic ones
have the advantage that there is a well-developed mathematical machinery
for analyzing the well-posedness of the initial boundary value problem. This
depends crucially on the boundary conditions that one imposes at the outer
boundaries of the (finite) computational domain. Obtaining stable boundary

conditions that avoid spurious reflections is another objective of this thesis.
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1.4 Numerical methods and implementation

Once one has decided on a particular evolution formalism, the next question
is how to solve the system numerically.

The first step is to discretize the spatial domain. The approach that is
used most often in numerical relativity and that we shall follow here is the
finite difference technique [73]. Thereby the domain is covered by a discrete
grid and the numerical approximation is represented by its values at the
grid points. Differential operators are translated into finite differences by
means of Taylor expansions. A different approach is based on an expansion
of the numerical solution with respect to a given set of basis functions. This
leads to methods such as finite element, spectral and pseudo-spectral methods.
Considerable progress for the vacuum Einstein equations has been obtained
with the latter [122,[67]. Finite element methods have been used to construct
initial data for black hole and Brill wave spacetimes [TT], 82].

As mentioned in the previous section, the ADM formalism generically
leads to two different types of PDEs: hyperbolic and elliptic ones. Ac-
cordingly, their solution requires two rather different classes of numerical
methods.

The framework we use for the hyperbolic equations is the method of lines,
whereby the PDE is first only discretized in space, leaving the time de-
pendence continuous. A suitable ODE integrator is then used for the time
integration. The method of lines combined with straightforward finite dif-
ferencing works well for smooth solutions such as those of vacuum general
relativity considered in this thesis. Once matter is included, e.g., a perfect
fluid, one has to deal with discontinuities such as shocks and more sophisti-
cated methods from computational fluid dynamics are needed (see [97] for a

comprehensive introduction).
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Elliptic equations are generally thought to be expensive to solve numeri-
cally because they typically require O(N?) operations (N being the number
of unknowns, i.e., grid points) as opposed to O(N) operations for hyperbolic
equations. A class of elliptic methods that achieve a complexity of O(N)
as well are Multigrid methods [31]. This makes them the ideal method for
numerical relativity if elliptic equations need to be solved at each time step
of the evolution. However, as we shall see in this thesis, Multigrid is not
suitable for the solution of certain indefinite elliptic equations such as one
of the constraint equations (the Hamiltonian constraint). Conjugate gradi-
ent methods [125] provide an alternative but are much more computationally
expensive.

Solutions of partial differential equations often exhibit a variety of rele-
vant length scales. For example, certain hyperbolic gauge conditions tend
to produce highly distorted slices. As a consequence, steep gradients and
peaks appear in the metric variables that propagate through the numerical
grid, whereas the solution is completely smooth elsewhere. Adaptive mesh
refinement (AMR) is a numerical technique that addresses this problem in a
computationally efficient way. More resolution is added in regions where and
when it is needed, and discarded when it becomes obsolete. We use Berger
and Oliger’s [TY] classic version of the algorithm for hyperbolic partial differ-
ential equations.

All algorithms employed in this thesis have been implemented in C++.
In order to manipulate the equations to be solved, we make extensive use
of the computer algebra language REDUCE [80], from which we also gen-
erate C code automatically. Gnuplot and the Data-Vault [I10] are used for

visualization.
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1.5 Gravitational waves and critical collapse

The main application we consider in this thesis is the numerical evolution of
gravitational waves. Axisymmetric gravitational waves (with time-symmetric
initial data) are known as Brill waves [32].

For weak perturbations of flat space, one can construct analytical solu-
tions of the linearized field equations. We use some of these as test problems
for our code (chapter [1).

No analytical solutions are known in the nonlinear case and one has to
resort to numerical methods. The earliest numerical study of Brill waves we
know of is the one by Eppley {8, 49], which uses a similar gauge as the one
described in section .0 of this thesis. Those early experiments indicated that
while weak Brill waves disperse to leave flat space behind, sufficiently strong
ones collapse to form a black hole. Abrahams and Evans [T, 2] looked closer
at the threshold of black hole formation and found what is known as critical
behaviour in gravitational collapse.

Critical behaviour was first discovered by Choptuik [A{], albeit for a very
different system: the massless scalar field in spherical symmetry. Choptuik
considered a one-parameter family of asymptotically flat smooth initial data.
Let p, be the critical value of the parameter p separating dispersal of the
field and black hole formation. For slightly supercritical evolutions, Choptuik

found a scaling relation for the mass of the black holes formed,

Mgy o< (p —ps)7, (1.1)

where the critical exponent v appeared to be independent of the particular
family of initial data chosen. Note the similarity of (1)) with the scaling
relations found in thermodynamic phase transitions. Moreover, the critical

solution Z* appeared to be universal, i.e., independent of the initial data,
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and discretely self-similar with echoing exponent A:
Z*x,7) =2 (x, T+ A), r=r/(-t), 7= —In(-t). (1.2)

(Here r is an areal radial coordinate and ¢ is proper time of the central
observer such that t = 0 coincides with the accumulation point [40].) For a
review of critical phenomena in gravitational collapse see Gundlach [G9].
Abrahams and Evans found the same type of critical behaviour as de-
scribed above (commonly referred to as Type II) in Brill wave collapse and
estimated the constants v and A. This is important because it suggests that
critical behaviour is a property of general relativity alone rather than of the
specific matter model used. It would be important to confirm their calcula-
tion, possibly with greater precision and longer run times (only ~ 4 echos of
the critical solution were tracked in [1]), which has not been done yet as far
as | can determine. In addition, Abrahams and Evans have only considered
the case in which the Killing vector is hypersurface-orthogonal. The formal-
ism presented in this thesis does not rely on that restriction, and it would be
interesting to see how a nonzero twist might influence the critical behaviour.
Even if our code is not yet capable of addressing these questions quan-
titatively, we have come across a variety of problems along the way which
appear to be ubiquitous in current research in numerical relativity. This

thesis documents our efforts towards a solution of those problems.

1.6 Outline of the thesis

We begin by deriving the regularity conditions that various axisymmetric
tensor fields must obey on the axis (chapter Bl). This will be used through-
out the thesis in order to cast the equations to be solved in a regular form.

The evolution formalism that forms the basis of all later developments, the
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(24+1)+1 formalism, is derived in chapter Bl The numerical methods we use
are described in chapter Bl We then construct in chapter Bl a first evolution
system that uses elliptic gauge conditions and (partially) constrained evolu-
tion. Some preliminary results on the simulation of Brill waves are presented.
To my knowledge, this is the first time twisting Brill waves have been evolved.

The remainder of this thesis is concerned entirely with a strongly hy-
perbolic formulation of the Einstein equations for axisymmetric spacetimes.
This so-called Z(2+1)+1 system is derived in chapter [ By a careful choice
of variables we write the equations in a form that is well-behaved on the axis,
which is one of our main results. Exact solutions of linearized theory are con-
structed in chapter [ and are used in order to demonstrate the accuracy of
our numerical implementation. Chapter Bis concerned with various ways of
imposing boundary conditions at the outer boundaries of the computational
domain. Their stability is analyzed both analytically and numerically. AMR
evolutions of strong Brill waves close to the critical point are presented in
chapter @ including twist. We conclude and give an outlook on future work

in chapter

1.7 Notation and conventions

The Einstein summation convention is used for tensor indices, i.e., repeated
indices are summed over. Round (square) brackets enclosing tensor in-
dices denote (anti-)symmetrization, i.e., T(ag) = 5(Tag + Tpa) and Tjag =
3(Thp — Tha). Ordinary (partial) differentiation is denoted by a comma (,).
Sometimes the comma is left out if no ambiguity arises, e.g., fo = fo for a
scalar f.

We use a Lorentzian metric of signature (— + ++). Our curvature con-



CHAPTER 1. INTRODUCTION 12

vention 1is

Ragfygvzs = QV[QVB}U’Y. (1.3)

Geometric units are chosen, in which Newton’s constant G' and the speed of

light ¢ are equal to 1 so that k = 87 in Einstein’s equations

Gaﬁ = KjTag . (14)



Chapter 2

Implications of axisymmetry

Many problems with axisymmetry arise from the fact that the coordinate
system adapted to the symmetry, cylindrical polar coordinates, is singular
on the axis of symmetry. As a consequence, axisymmetric tensor fields that
are regular on the axis (in a sense made precise below) may take strange
forms when expressed in those coordinates. In this chapter, we derive the
regularity conditions that various axisymmetric tensor fields must obey on
the axis.

We want to use a (¢, z, 7, ¢) chart adapted to the Killing vector £ = /0.
We shall assume elementary flatness: in a neighbourhood of the axis we can

introduce local Cartesian coordinates x4 = (x, %) such that
r=rcosp, y=rsing <= r=+\/124+y% = arctan 2 . (2.1)
x

Note that the Cartesian chart is regular on the axis » = 0, while the polar

chart is not. With respect to Cartesian coordinates, the Killing vector is

0 129 (2.2)

g:_y(?_yc oy

This representation is valid everywhere, while & = 0/0p is valid only for

r > 0.

13
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We say that a tensor field 7" is regular on axis if its Cartesian components
have a Taylor expansion with respect to  and y about 4 = 0 convergent in
some neighbourhood of » = 0. (Throughout this chapter we are ignoring ¢
and z dependencies, which are implicit in all calculations.) It is azisymmetric

if its Lie derivative with respect to the Killing vector vanishes,

LT =0, (2.3)

2.1 Functions

Let us start with an axisymmetric function f that is regular on axis. Axi-

symmetry implies that
k= ££f = _yf,:v + xf,y = 0; (2'4>

which is valid everywhere. In particular, we may differentiate (24 an arbi-
trary number of times with respect to x and y and require all the derivatives

to vanish on axis:

O=ke=2foy —Yfuxtfy = [,=0,
0=Fky=—Yfoy—fatafy = [0,
0="Foe = 2fwy — Yfwae + Tfawy = fay=0, (2.5)
0="Fuy=foyy — Yfawoy — foo+ Fyy = Foo=Ffy = Jo,

0="Fyy=—Yfayy — 2fay + TS yyy

where = denotes equality on axis. We find that the Taylor expansion of f in

a neighbourhood of the axis has the form

f= Z f2" (2 +y°)", (2.6)
n:O
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i.e., f is an even function of r:

f=f(t,z,r%). (2.7)

2.2 Vectors and covectors

Next consider a vector field u®. For a = (¢, z), Leu® = 0 implies Ou®/dp = 0.
This reduces to the scalar field case and we may deduce u® = u®(r?). For u®
and uY we have

x y
881:0 cw—o, 2y, (2.8)

The general solution for r» > 0 is

u® =a(r)cosp — /l;(r) sing, u’ =a(r)sing + /b\(r) COS (. (2.9)
However in the Cartesian chart, (8) takes the form
—yu’, +aou’ 4 u =0, —yul,+au’, —u" =0. (2.10)

Setting z# = 0 we see that u* = 0 on axis. We may thus write @ = ra, b=rb

so that (Z9) becomes
u® =xa —yb, u’=vya-+ xb. (2.11)

We now regard a and b as unknown functions of x and y to be determined by
substituting (ZI1]) into (ZZ10), differentiating the latter an arbitrary number
of times, and then solving the recurrence relations for the Taylor coefficients
of @ and b. Again we find that a and b are even functions of . Finally, the

polar components of u are obtained from (ZTITI) as

u’ = %uA = Ta(rz) , u¥f = ;x—ﬂuA = b(?“z). (2.12)
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Thus in the (¢, z, 7, ¢) chart an axisymmetric vector field which is regular on

axis must take the form
u® = (A,B,rC,D), (2.13)

where A, B, C and D are functions of ¢, z and 2.
Next consider an axisymmetric covector field w, which is regular on axis.
For a = (t, 2), Lew, = 0 implies Ow,/dyp = 0. This reduces to the scalar field

case and we may deduce w, = w,(r?). For the other indices we find
YWz + Ty y +wy =0,  —ywy, + 2wy, — wy =0, (2.14)

which is equivalent to (2Z10), interchanging u” and w,. We therefore deduce
the analogue of (ZI0]) and hence, in polar coordinates,

wa = (A, B,rC,72D), (2.15)

where A, B, C and D are functions of ¢, z and 2.

2.3 Symmetric 2-tensors

Finally we consider a symmetric valence 2 tensor field M,z which is both
axisymmetric and regular on axis. For (a,b) = (¢, 2) we have LMy, = 0 and

s0 My, = My (r?). The mixed (aA) components obey the Killing equations
—yYMyw + Mgy + Moy =0, —yMeyy o + Moy — Moy =0. (2.16)

This is essentially the same as (ZI4) and we may deduce M,, = rA,(r?) and

M,, = r*B,(r?). The remaining Killing equations are

—yYMyg g + T Myyyy +2Myy =0, —yMyy . + My, , —2M,, =0,



CHAPTER 2. IMPLICATIONS OF AXISYMMETRY 17

Yy My + T Moy + My, — My, = 0. (2.17)

If we introduce new variables u = (M, + M,,), v = (M, — M,,) and
w = M, then
—yu, +au, =0 (2.18)

which implies u = u(r?). The remaining equations are
YU+ v,y +2w =0, —yw,+zrw,—2v=0. (2.19)
For r > 0 these can be written as
Vo +2w=0, w,—2w=0, (2.20)
so that
v =1a(r)cos2p — /b\(r) sin2¢p, w =a(r)sin2yp +/b\(r) cos 2¢, (2.21)

where @ and b are arbitrary functions of 7. But (2219) and its first derivatives
imply that v, w and their first derivatives vanish on axis so that we may set

@ =r2a and b = r2b to obtain
v= (2" —y*)a — 2zyb, w = 2xya+ (x> —y*)b. (2.22)
Substituting (222)) into (ZI9) gives

viay —a’y(aq +2by) — 2y’(ay — 2bs) +y’as = 0,

x3b7y + x2y(—b,x +2a,) + :Cy2(—2a7m —b,)+ y3b7m = 0. (2.23)

Differentiating these many times and proceeding as in the scalar and vector

cases, we conclude that a and b are functions of 72. Thus

M., = u+ (2% — y*)a — 22yb, M,, = u — (2% — y*)a + 2xyb,
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M., = 2zya + (° — y*)b. (2.24)

Re-expressing these as polar components we obtain
M, =u+r’a, M,,=1 My, =r1r*(u—r’a). (2.25)

Finally combining all of the results we have

A B rD r’F
B C rE r’G
M3 = , (2.26)
rD rE H+1r%J K
r’F r’G K r?(H —r%))
where A, B, ..., K are functions of ¢, z and r2.

One should remark that one could relax our definition of regularity on
axis. If we only required functions to be C°, vectors and covectors to be C!
and 2-tensors to be C? in a neighbourhood of the axis, the above analysis
would still go through and we would arrive at the same regularity conditions.
However, the coefficients A, B, ... in (Z13), (Z13) and (£Z20) would then only
be continuous and not necessarily even functions of . For numerical purposes
of course, it is not unduly restrictive to assume analyticity if the solutions
are smooth.

Summarizing, we have derived the regularity conditions that axisymmet-
ric functions (1), vectors (ZI3), covectors (2IH) and symmetric 2-tensors
[226) must obey in order to be regular on the axis of symmetry. Note
in particular the subtle relation between the (rr) and (¢g) components in
@20). If a numerical evolution scheme fails to preserve precisely the indi-
cated r-dependencies then the fields become irregular on axis and instability

is inevitable. In chapters Bl and [, we will use the regularity conditions in
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order to cast reductions of Einstein’s equations into forms that are free of

any divergencies on the axis.



Chapter 3

The (2+1)+1 formalism

Quite generally, the existence of a symmetry can be used to reduce the di-
mensionality of the problem under consideration. This should be exploited
whenever possible in order not only to simplify the problem mathematically
but also to save computational resources when attempting a numerical solu-
tion.

We shall see how in the case of axisymmetry, the Einstein equations
can be reduced from four-dimensional spacetime M to a three-dimensional
Lorentzian manifold A (section Bl). This was first performed for vacuum
spacetimes by Geroch [65], although the original idea goes back to the famous
papers by Kaluza [85] and Klein [89]. We extend the reduction to include
general matter sources.

The three-dimensional Lorentzian manifold N then undergoes an ADM-
like decomposition (cf. [I2] for the standard 3 + 1 version), i.e., it is foliated
into level surfaces of a time function (section B2). The Einstein equations
split into elliptic constraint equations to be solved within the hypersurfaces
and hyperbolic evolution equations governing the evolution normal to the

hypersurfaces, making the problem suitable for numerical simulations. This

20
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Figure 3.1: The manifold N

procedure was first applied in this context by Maeda et al. [I00] and is
commonly referred to as the (2+1)+1 formalism.

We use energy-momentum and number conservation to derive evolution
equations for the matter variables in this formalism (section B3). No partic-
ular matter model is chosen at this stage.

We mainly follow the notation of Maeda et al. [I00] with some clearly
stated changes. In the following, Greek indices range over ¢, r, z, ¢, lower-case

Latin indices over t,r, z, and upper-case Latin indices over r, z.

3.1 The Geroch decomposition

Spacetime is assumed to be a four-dimensional manifold (M, g,3) with sig-
nature (— 4+ ++) and a preferred polar coordinate chart (¢,r,z, ). Axi-

symmetry means that there is an everywhere spacelike Killing vector field
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£ = 0/0p with closed orbits. Let A be the collection of the orbits of &.
We assume that A is a differentiable 3-manifold and that there is a smooth
mapping from M into N mapping a point in M to the orbit passing through
it.

Geroch [65] has shown that there is a one-to-one correspondence between
tensor fields M’ *~5 in N and tensor fields M5 in M that are both

orthogonal to the Killing vector,

and axisymmetric,

LMy = 0. (3.2)

As a shorthand, tensors satisfying these conditions are said to be in N.

Some basic tensor fields in N are the norm of the Killing vector
A2 = gapt®¢” >0, (3.3)

the (Lorentzian) metric in N,

hag = ga,B — )\7250{&3, (34)
the Levi-Civita tensor
€afy = )‘_1604675567 (35)
and the twist vector
Wa = €aprs® VL, (3.6)

which encodes the rotational degrees of freedom. Here V is the covariant
derivative of g,s. The covariant derivative D associated with h,g is obtained

by projecting V into N,

Dav” = hoth,’V,, (b, 0?) . (3.7)
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The Riemann tensor of h,g is denoted by (3)Ra5qﬂ5.
We wish to reduce Einstein’s theory in M to a set of equations that only

involve tensor fields in N. Starting with the Ricci identity in N,
DiaDgvy = 3% Ragasv” (3.8)
we evaluate the left-hand-side using the definition of D (B) to find

(3)Raﬁ'y(5 - h[auhﬁ}yh['yph(ﬂg [(4)Ruypa + 2)\_2 (Qqupa + QupQua)] 5 (39)

where the four-dimensional Ricci identity has been used to produce the Rie-
mann tensor (4)Ra1375 of M. The quantity Qu.s = V.és = Viu&g can be
expressed as

Qaﬁ = %)\7260457557(4}5 — 2/\715'[04)\5} . (310)

Contracting ([Fd) with A% and using (BI0) we obtain
O Roy =L DRoy + X Da DA + 207 (Wawy — hoyw™w,) (3.11)

Here and in the following, the symbol L means projection of the free indices
with h, and an index & denotes contraction with &.

Some more equations are needed in order to reflect all the Einstein equa-
tions of the original manifold M. Taking the curl and divergence of (B,

we obtain, respectively,
D[au)m = )\EQIQW 1 (4)R,y§ (312)

and

Dow® = 3N\ 4w, (3.13)

where we have used (BI0) and a standard identity for Killing vectors,

VaVpey = YD Rsap, &0 (3.14)



CHAPTER 3. THE (2+1)+1 FORMALISM 24
Finally, applying D? = D*D,, to (B3), we obtain
1
D?X::—iA‘%%WﬂH—A‘””R&. (3.15)

Next, we include an energy-momentum tensor 7,3, which is decomposed

into

T o= \NTXHET,,,
Ta = AN 2R T, (3.16)

Tag = ha"hg"T,, .
(The powers of A included in the above definitions differ from the ones in
[TO0]. Our choice guarantees that 7 and 7, have the correct small-r behaviour
of scalars (27) and covectors (2I0). Note that A = O(r) near the axis.) It

follows from axisymmetry

LeTog =0 (3.17)
that the fields 7, 7, and 7,5 are in N. The Einstein equations
(4)Raﬁ — (Taﬁ — %Tgaﬁ) (3.18)

can be used to express the projections of the Ricci tensor in terms of those

of the energy-momentum tensor,

1 (4)Ra5 = K [Taﬁ — %hag (7' -+ Taﬂ)] s
1L DRy = kN7, (3.19)

WRe = 3aN(1—7).

Inserting (BI9) into (BIIHEI3) and (BIH), we arrive at the Geroch-
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FEinstein equations

GRy = & [Tab = 2hap (T + 7] + A7 (Wawp — hapw w)
A" N (3.20)
Wialp] = — kN3 €apeTC (3.21)
(Nw)e = 0, (3.22)
A = —3A 3w’ — SRA (T — 7°) . (3.23)

Here | stands for the covariant derivative D. All terms in (B20-3.23)) are in
N, which justifies the use of lower-case Latin indices ranging over t,r and z
only.

Geroch [65] has also shown how the original four-dimensional manifold
(M, gap) can be recovered from the three-dimensional manifold (N, hs) and
the fields w, and A. To begin with, choose an arbitrary four-dimensional
manifold M along with a nowhere-vanishing vector field £ = 9/0p on M.
Consider the following skew 2-form in N:

F, = —%)\_3eabcwc. (3.24)
By equation (B22), it is curl-free:
€D,Fy. = 0. (3.25)

If we pull it back to M, we obtain a curl-free 2-form F,3 because the pull-
back commutes with differentiation. By Frobenius’ theorem there exists a

covector field ng such that
8[04775} = Faﬁ . (326)
There is a gauge freedom

Na = Na + Ou0 (3.27)
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for an arbitrary function o. We exploit the ¢-dependence of o to set

Na&" = 1. (3.28)

Next we define

Gap = hap + )\Qnanﬁ (3.29)

so that &, = gas® = A1, and hence
Gap = hag + A"26aés, (3.30)
as desired. It can be verified from (BI0) that
Viép =0, (3.31)

i.e., that £ is a Killing vector of g,g. It is not clear how to implement this
procedure numerically, and indeed there is no need to do so. All physically
interesting quantities in M have their counterparts in N and so we choose to
work entirely within N. For instance, it suffices to know the variables in N/
in order to form the Newman-Penrose scalar ¥4 containing the gravitational
wave information (see section for an explicit derivation of Wy; the Wy

calculation is similar).

3.2 The ADM decomposition

Following the standard ADM [I2] procedure, a time function ¢ is introduced
and the three-dimensional manifold  is foliated into two-dimensional space-
like hypersurfaces 3(t) of constant ¢. The future-directed unit timelike nor-

mal to the hypersurfaces is

Ng = —a Oyt (3.32)
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Figure 3.2: The ADM setup

normalized such that n,n® = —1. Here « is the lapse function, which de-
scribes the amount of proper time elapsing when passing from one hyper-
surface () to a nearby one (¢t + dt). The direction of time is not unique,
however: the spatial coordinate origin in ¥(¢+dt) can be shifted with respect
to the origin in 3(¢) by an arbitrary shift vector 3% (figure B2),

t* = an® + (. (3.33)
The induced 2-metric on the hypersurfaces ¥ is
Hab = hab + NgNp (334)

satisfying H,yn® = 0, i.e., it is indeed a tensor in ¥ and can thus be written
as Hap, where capital Latin indices A, B run over r and z. With those

definitions, the line element of N takes the form

ds® = —a?dt? + Hap (dz? + pAdt) (da® + Pdt) . (3.35)
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How the hypersurfaces 3(t) are imbedded in N is described by the second

fundamental form or extrinsic curvature
Xab = _Hachdn(c|d) = _%‘CnHaba (336)

which because of (B333)) is essentially the time-derivative of the 2-metric.
The Riemann tensor ) Rypcp in X(t) is related to the one in N by the

well-known Gauss-Codazzi equations

1L ®Rapep = P Rapep + XacXBD — XADXBC (3.37)

L ®Rapen = Xacs — XBC|A (3.38)

where L means projection of the free indices with H, and an index n stands
for contraction with n. The symbol || denotes the covariant derivative d of
Hap,

d,v’ = H,°H"D.. (H. %) . (3.39)

The derivation of (B31) and ([B3]) is completely analogous to the reduction
of WR to ®R presented in the previous section. The projections of the

three-dimensional Finstein tensor

BGw =Ry — LORK, (3.40)

2

are found to be

(3)Gnn = 2(3)Rnn + (3)R = % ((2)R + (XAA)2 - XABXAB) ’ (341>

LOG" = LORY™ = dy (—x*P + H*BxE) . (3.42)

The above two equations form so-called constraint equations on the hypersur-
faces 3(t) because they do not involve any time derivatives. (BAZ1) is called
the Hamiltonian or energy constraint, and (B42) are the momentum con-

straints. Let us also calculate the time derivative of the extrinsic curvature.
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Using the Ricci identity,

Lyxap=a L B Ryp, — axacxs” — ajas, (3.43)

and decomposing the Riemann tensor using the Gauss-Codazzi equations

m)?

Loxap = —LPRap+ (PRap +xc“xan) — 2xacxs”
—a 'oyap - (3.44)

Equations (B30) and [BZ4) form a set of evolution equations for the 2-metric
and extrinsic curvature.

We are now ready to insert the results of our 2+ 1 decomposition into the
Geroch-Einstein equations (B20HZ23)). The trace of the extrinsic curvature
is abbreviated as x = ya“t. Further variables defined in each Y(t) are the
alternating symbol

€A = N°€cAB , (3.45)

the (pp)-component of the extrinsic curvature,
K% =-\"n"\,, (3.46)
and the projections of the twist vector,

EA = A3y, (3.47)

BY = X Pn.w®. (3.48)

(Again, the last two definitions differ from those in [T00] by factors of A. This
ensures that E4 has the correct small-r behaviour of a vector (ZI3). Our
B? is O(r) on the axis, which is easier to enforce numerically than the O(r?)

behaviour of B, in [I00]). The various projections of the energy-momentum
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tensor are

JY = —n,7%,
4 — H A
on = n'n’Tu, (3.49)
Ja = —Hu"nlry,
Sap = HA"Hp'Taw,

and, of course, 7 defined in (BIG).

The constraint equations. Inserting the Geroch result (B20) for ) Ry,
into the constraint equations (B0 BZ2), we obtain

C = %(Xz — XABXAB + (Z)R) — )\_1)\”,4‘4 + XKQO
—IN2(EAEA + B#?) — kpy =0, (3.50)
Ca = XAB”B — (X + K)o a+ X "Nyxap — NTAKL?

—IN?B?e4pEP — kJy = 0. (3.51)

The Geroch equation (BZI) forms an additional constraint equation, which

we call the Geroch constraint:
Co = $EMa+ 3NN EY — kTP = 0. (3.52)

Hence there are four constraint equations, as in the standard 3 +1 ADM

decomposition.

The evolution equations. These are expressed in terms of the Lie deriva-

tive along the normal lines, which by ([B33) is

L,=a 10— Ls. (3.53)
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Definitions (B30) and (B40]) form evolution equations for the 2-metric and
the norm of the Killing vector,
L,Hxp = —2xasB, (3.54)
LA = =AK,7. (3.55)
In the evolution equation for the extrinsic curvature (B44l), we substitute
B20) for ® R, to obtain
Loxap = PDRap— X"\ —alags
+(x + K,7)xas — 2xa%xcB (3.56)
—iN? [eaceppECEP — Hup (EcEC — B??)]
—k [Sap + $Hap (pg — Sc© —1)] .
The Geroch equation (B23]) can be rewritten as
LK = =AM 4= (@) Aaet + K# (x + K,9)
—IN(B4EA — B??) — 1k (pn — Sa™ +7) . (3.57)
Finally using (B22) together with (B23]), we obtain the following evoluton
equations for the twist variables,
L.EY = éBB% g+ (x+3K,%)EA
+e*B(a ap + 3N \p)BY — 2kS4 (3.58)
L,B? = *PEyqp+xB?+a'e*PEaagp. (3.59)
Equations (B:52) and (B58H30T) are remarkably similar to the axisym-

metric Maxwell equations for an E field in the (7, z) plane and a B field in

the ¢ direction, which justifies the notation:
V-E = p, (3.60)
GE = VxB+j, (3.61)
0B = -VxE. (3.62)
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This is not surprising, of course, as the original Kaluza-Klein theory [85, K9]
was designed to incorporate electrodynamics into four-dimensional general

relativity by assuming an additional compactified spacelike dimension.

3.3 Matter evolution equations

Evolution equations for the matter variables can be obtained from energy-

momentum conservation

V. T =0. (3.63)
In our case, the energy-momentum tensor 7% is also axisymmetric,
LT =0. (3.64)

First we decompose T with respect to the Killing vector £€* (Geroch
decomposition),

TP = \~2¢0Pr 4 27(0gh) 4 708 (3.65)

where 7,7% and 7% were defined in (BIH). Contracting [B63) with &5, we

obtain the following conservation law in N,
D,(N°7%) =0, (3.66)
and projecting (B63) with hs® yields
Do(AT) = XTI\ — AT e, (3.67)

Next we decompose 7% further with respect to the unit timelike normal

n, (ADM decomposition),

7% = pynn® 4+ 2Jn? S (3.68)
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where pgr, J* and S% were defined in (B49). Contracting (B617) with n;, we

obtain an evolution equation for pg,

L.pg = —JA||A - JA(2Oz_1OzA + A7) + xpm + xapSHP
K2 (T+ pu) + A2 EASy, (3.69)

and projecting (B61) with H,? yields an evolution equation for J4,

Loda = —Sapl? + Ja(x + K,2) — Sap(a™ta® + X7I\P)

—a Yaapy + ANTIAT + NH(EQJ? +e4pSPBY) . (3.70)

Equation (B66]) can be rewritten as an evolution equation for J% (also defined

in (B14)),
L,J? = —SAHA — SA(a_lozA + 3)\_1>\A) + J?(x + 3K¢¢) . (3.71)

We recognize in the above the general relativistic version of the Euler equa-
tions: (B:6Y) expresses energy conservation, (B2Z0) linear momentum conser-
vation and (B71l) angular momentum conservation.

In some situations (e.g., for a perfect fluid) there may be a conserved

particle number density N¢ satisfying

VN =0 (3.72)
and which is also axisymmetric,

LN =0, (3.73)

Again, we can obtain an evolution equation from (BZZ2) by performing the
same dimensional reductions as above. First we decompose N“ with respect

to the Killing vector £“ (Geroch decomposition)

N® = "¢ + v, (3.74)
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where we have defined

v =¢,N® (3.75)

and

v = h*gNP. (3.76)

It follows from axisymmetry (B73)) that v and v* are in /. Particle number

conservation (B72) can be expressed in N as
Da(\") =0. (3.77)

Next we decompose v* with respect to the unit timelike normal n, (ADM

decomposition),
v =n'c + X, (3.78)
where we have defined
o= —ng* (3.79)
and
$ = HY. (3.80)

From (BXZ7) we obtain an evolution equation for o,
L,o0==S%4—S%aaa+AA) +o(x + KP). (3.81)

So far we have not chosen any specific matter model. In appendix [Al a
perfect fluid is discussed. For the main part of this thesis, however, we will

focus on vacuum spacetimes.



Chapter 4

Numerical methods

We have seen in the previous chapter that the Einstein equations split into hy-
perbolic evolution equations and elliptic constraint equations when an ADM
(or “space + time”) decomposition is applied. In this chapter we describe
the numerical methods we use to solve these two classes of PDEs.

The basis for all the methods is the finite difference technique, which
is briefly described in section ETl, along with the ghost cell technique for
implementing boundary conditions.

The basic framework we adopt for solving the hyperbolic evolution equa-
tions is the method of lines (section E22)). We explain the properties of explicit
Runge-Kutta and iterative Crank-Nicholson schemes and briefly comment on
the use of numerical dissipation.

We then turn to elliptic equations and describe the Multigrid method
(section E3)), starting from linear scalar equations in one dimension and
extending the algorithm to nonlinear problems, systems of equations and
multidimensions.

Some alternative methods for hyperbolic and elliptic PDEs and their

applicability to our problem are discussed in section E4l

35
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Finally, we describe the adaptive mesh refinement technique for hyper-
bolic PDEs in section EEAl pointing out some of the changes we have made

to the algorithm.

4.1 The finite difference technique

4.1.1 The numerical grid

The spatial domain we evolve is a finite rectangular region in the (r, z) plane,

Q= [0, rmax) X [0, Zmax] - (4.1)

We restrict ourselves to the upper half of the (r, z) plane (z > 0) because we
will impose reflection symmetry about z = 0 for all the numerical evolutions
carried out in this thesis. (This is not an essential restriction and one could
equally well work with a general domain that extends into the lower half of
the (r, z) plane.)

The numerical domain is covered by an equidistant grid with grid points

(ri,2j), where

Vo,  1<i<N,, (4.2)
<

zi=0G—%5h, 1<j<N.. (4.3)

Here N, and N, are the number of grid points in the r» and z direction and

the grid spacing h is the same in both dimensions,

T zZ
b= max __ ~max ) 4.4
N N (4.4)

In all applications, we choose Tnax = Zmax and hence N, = N, = N. The

Multigrid method (section E3) further requires that N be of the form N =
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k x 271 where [ is the number of Multigrid levels and & is the size of the
coarsest grid.

Note that the first grid point in the r direction is at » = h/2, not at r = 0.
Thereby we avoid dividing by zero in terms formally containing factors of r .

The grid points (r;, z;) can also be viewed as the centres of the cells
Cij = [(0 = Dhyih] x [(j = 1)h, jh], (4.5)

which cover the entire spatial domain §2. For this reason, we call the type
of grid we use a cell-centred one. Using such a grid has certain additional
advantages if matter is included, for example in the form of a perfect fluid.
This is usually evolved using the finite volume technique (e.g., [97]), where

the solution is represented by the cell averages in the cells Cj;.

4.1.2 Centred finite difference operators

The vacuum equations, however, are discretized using the finite difference
technique. Thereby continuum functions wu(r, z) are represented by their
values u;; at the grid points (7, z;). Differential operators are translated into
finite difference operators acting on the discrete grid function. These can be

derived by means of Taylor expansions: as an example, consider
Uiry = i+ h(u,)i +O(R%),
wimg = gy —h(u,)i; +O(h%),
= (up)iy = Uiy — wim1g) + O(R?). (4.6)

All the finite-difference operators we use are centred and second-order accu-

rate in the grid spacing, as in the above example. The first-order derivatives
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are represented by

e = gy (Ui = tio1g) (4.7)
ue = g (Wi — i), (4.8)
(ru)e = g (i — i) - (4.9)

The second-order finite differences needed for the hyperbolic-elliptic system

(chapter H) are

1
Upr —  73(Uig1j — 2Ui5 + i1 ),

:4;
—_
[S—y

1
Uz — 3z(Uijer — 2ug +uij1),

(
(

Uy, — ﬁ(uiﬂ,ﬁl — Uig1j-1 — Uim1 41 T Uimrj—1) (4
(

(rug), — o [ (Wirey — ug) — i (g — uimay)]

—_
(N}
—_—  ~— ~— =

4.1.3 The ghost cell technique

Boundary conditions are implemented using the ghost cell technique. Ghost
cells are unphysical cells just outside the numerical domain. We add two

layers of ghost cells at each boundary, at

_ h _ h
o= —3, T"Ny4+1 = Tmax T 3 5
3h 3h
r_1 = —9 TN,.+2 = Tmax + 2 (414)

and similarly in the z direction. The ghost cells are filled with values ac-
cording to the boundary conditions that one would like to impose. The same
finite difference operators can then be applied at all interior points, without
having to modify them close to the boundaries. Two layers of ghost cells
are required because the stencils we use have a width of up to 5 grid points

(the second-order derivative (EI3) and the fourth-order dissipation operator

(D) have width 5).
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In order to implement a Neumann condition
U,r|r:0 =0,
we note that

u,(0,2) = +(uyy —ug;) + O(R?)

= g (ugy —u_ry) + O(R?),
so that we choose the values of the ghost cells to be
Ugj = U1y, U1, = U2j -

For a Dirichlet condition

U“T’_O =0
we note that

u(0,2) = 3(u1;+ ug;) + O(h?)

(ugj +u_y;) +O(h?),

N[

so that we need

Ugj = —Urj,  U-1; = —Ug;.

For linear extrapolation at r = ry .., we set

UN,4+1,j = 2UN,j — UN, 1,5 , UN, 12, = 2UN, 1,5 — UN,;j -

39

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

The differential boundary conditions used in this thesis (the “1/R fall-off”

condition (B.82) and the differential boundary conditions for the incoming

modes in chapter B) can be written in the general form

ur+f.+s=0

(4.22)
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where f and s may depend on w. (This is sometimes called a Robin condi-

tion.) To implement (E22) at the outer r boundary, we use the discretization

Fun, 41,5 — un,g) + 51 ([N jir — fapg-1) +sny = 0,

o (Un 2,5 = un,g) + 55 (vt = fag—1) +sny = 0 (4.23)
(except at j = 1 and j = N,, where the z-derivatives are replaced with

%(fer — fn), %(fNTNZ — fvoN.—1) (4.24)

respectively). Hence the ghosts are filled with

un, 41 = U — 5N — faeg—1) — hsn,

T 7,7 = rj 'r,‘ - 7‘7'7 - rj* °
UN,+2 un,; — (fn,je1 — [ j—1) — 2hsn,; (4.25)

This discretization is only first-order accurate because a one-sided deriva-

tive is used in the r direction. We have also tried a second-order accurate

discretization
o (UnN, 1 — Un,—15) + 557 ([N g1 — fanj—1) + 58,5 = 0,
2 (un, 125 — un,—25) + 52 ([ je1 — f,g-1) +sn; = 0, (4.26)

but this turned out to be less stable in some cases (section B1).

The implementation of the boundary conditions at z = 0 and z = zpyax
follows by symmetry.

We fill the ghost cells at each step of the time integration scheme discussed
in the following section. This is crucial for the on-axis boundary conditions
— if these are not enforced at all stages of the algorithm, instabilities quickly

develop.
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4.2 The method of lines

The basic framework we adopt in order to integrate the hyperbolic evolution
equations forward in time is the method of lines (MOL) [123]. The basic
idea is to finite-difference the spatial derivatives of the PDE as described in
the previous section, leaving the time derivatives continuous. This leads to
a coupled set of ODEs for the time dependence of the variables u = (u;;) at
the spatial grid points,

O = f(t,u) (4.27)

(in our case, there is no explicit time-dependence on the right-hand-side but
we include it here for generality). A suitable ODE integrator is then used to

integrate these ODEs forward in time.

4.2.1 Properties of Runge-Kutta and ICN schemes

The ODE integrators we consider here belong to the class of explicit Runge-
Kutta schemes. Given the unknowns u” at time t", these compute an ap-

proximation u™*! at time t"*! = " + At in s stages as follows:

ki = f("u), (4.28)
kg = f(tn + CgAt, u” + aglAtkl) s (429)
k3 = f(tn + C3At, u” + ClglAtkl + a32Atk2) , (430)

ks = f(tn —+ Csh, lln —+ aslAtkl —+ CLSQAth + ...
+a5,5_1Atk8_1) s (431)

u"t = u"+ At(bky + ... +bk,). (4.32)
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Obviously a particular scheme is uniquely defined by the coefficients a;;, b;

and ¢;, which are conveniently written as a tableau

0
Co | Q21
C3 | G311 a32 (4.33)
Cs | g1 Ag2 =+ (Ags—1
bl b2 bs—l bs
The method is said to be pth order if
|u™tt — u"||= O(A#T) (4.34)
for sufficiently smooth f.
The simplest Runge-Kutta method is the Euler method
u"tt = u" + Atf(t",u"), (4.35)
which is first-order and is represented by the tableau
0
(4.36)
1
Two second-order Runge-Kutta methods are given by the tableaux
0 0
11
1)1 313 (4.37)
11

The first is known as the trapezoidal rule, the second as the midpoint rule.

Two examples of third-order methods are

0 0
111 111
33 (4.38)
2| 2 111
3 3 214 4
1 1 1 1 2
i 0 g 5 6 3




CHAPTER 4. NUMERICAL METHODS 43

The first is Heun’s (third order) method, the second can be found in Shu and
Osher [127]. Of the many known fourth-order Runge-Kutta methods we only

state the most popular one:

0
111
212
1 1
1o ! (4.39)
110 0 1
11 1 1
6 3 3 6

For orders p > 4, it is no longer possible to construct a pth order method
with s = p stages. For a survey of higher-order Runge-Kutta methods, see
for example Butcher [36].

A method that has become very popular in numerical relativity is the

iterative Crank-Nicholson (ICN) method [133] given by

k, = f(",u"), (4.40)
ke = f(t"+ At u" + 3Atky), (4.41)
ky = f(t" + At u" 4+ 3Atk,), (4.42)
k, = f("+ 3Atu" + $Atk, ), (4.43)

utt = u" + Atk,. (4.44)

In the limit s — oo this yields the well-known implicit Crank-Nicholson

n+l _ ;4n n n+1
ut -t (w) _ (4.45)

method

At 2
The iterative version (EA0HEZD) can also be viewed [55] as an explicit Runge-
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Kutta scheme with tableau

0
171
2|2
Lip 1
2|7 (4.40)
5(00 3
0 0 0 1

The ICN method is always second-order accurate regardless of the number
of steps s.
To analyze the stability of the above ODE integrators, one applies them

to the model equation
Ju = \u, recC. (4.47)

From the form of the general Runge-Kutta scheme (E28HL3D)) it is clear that

u"tt = POAAHU" (4.48)

for a certain complex polynomial P of degree s, the stability function of the
method. Since ||[u™™|| = |P(AA?)|||u”||, the numerical approximation will

remain bounded if and only if
|[P(AAL)| < 1. (4.49)

The set
S={zeC: |P(z) <1} (4.50)

is called the stability region of the method. The Runge-Kutta schemes pre-

sented above have the stability function

s zn

Pris)(2) = Z ) (4.51)
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Figure 4.1: Stability regions of the Runge-Kutta methods with s = 1,2,3,4 stages

(from inward to outward)

(the result is the same for all schemes of a given order s < 4 [36]). The

stability function of the ICN method is found to be

s—1
Pog(2) =142 (g) . (4.52)
n=0

Graphs of the stability regions are shown in figures BT and EE2.
As an example of the method of lines, let us consider the scalar advection

equation in one spatial dimension,
Ou~+ cOpu =10, (4.53)

where the speed ¢ € R is a constant. Discretizing this in space using second-

order centred finite differences, we obtain the system of ODEs
3tuj = —ﬁ(ujqu — ’U/jfl) . (454)

Suppose we represent the numerical approximation as a superposition of

Fourier modes (assuming periodic boundary conditions)

uj = a(i€)e™" (4.55)
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Figure 4.2: Stability regions of the ICN method for iteration numbers 1 < s < 8

46
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where we set £ = wh. Inserting this into (254 yields
Oru(i€) = —iy sin § u(i) . (4.56)

Hence the eigenvalues of the system (EE5d) lie in the interval [—ih~tc,ih~!c]
on the imaginary axis.

A method for integrating (E54]) will be stable iff this interval lies within
the stability region of that method. Setting z = iq with ¢ € R we find for
the Runge-Kutta methods

| Pricpy(ig) =1 = ¢°, (4.57)
|Pripy (i) =1 = 34, (4.58)
ricf)(1)]" —1 = 547 (¢ —3), :
Praca (i) =1 = a'(a* — 3) (150)
|Prxpgg (ig))? =1 = 55¢°(¢° —8). (4.60)

Hence the stability regions of the first- and second-order schemes only touch
the imaginary axis in the origin. For the third-order schemes, the boundary
of the stability region intersects the imaginary axis at z = +v/34, and for
the fourth-order schemes at z = +2v/24. We conclude that the first- and
second-order Runge-Kutta methods are unstable for the advection equation
discretized as in (EER4)). This result is well-known in the first-order case, which
is identical with the FTCS (forward-time central-space) method. Setting A =
+ih~tc for the extremal eigenvalues in (E49) and thus z = AAt = +ih~cAt,
we conclude that the third-order methods are stable iff

% J < V3, (4.61)

and the fourth-order methods are stable iff

At

— c‘ <2V2. (4.62)
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Figure 4.3: The CFL condition. The thick solid lines mark the boundary of the physical

n+1

past domain of dependence of u; ™" for the case ¢ > 0, the thin solid lines the numerical

domain of dependence.

The restriction on the time step At as expressed in equations (EEGIHALGZ)
is known as the Courant-Friedrichs-Lewy (CFL) condition, and the quotient
At/h is called the CFL or Courant number. A simple interpretation of the
CFL condition is that the time step must be chosen small enough such that
the numerical domain of dependence (as given by the stencil [z;_1, z;, xj41])
contains the physical domain of dependence (figure E33).

A similar analysis for the ICN method shows that the method is always
unstable for s = 1,2,5,6,9,10,... and stable for s = 3,4,7,8,11,12,...

provided that
At
—c
h

Since neither the order of accuracy nor the size of the interval on the imag-

’ <2. (4.63)

inary axis contained in the stability region increase as s is increased, the
optimal choice for s is s = 3. This was pointed out by Teukolsky [I33] and
confirmed with the method used here by Frauendiener [55]. Since the Runge-
Kutta method with the same number of steps (s = 3) is third-order while the
ICN method is only second-order, Runge-Kutta is always superior to ICN.

For the numerical experiments presented in this thesis, we have chosen
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the third-order Runge-Kutta scheme of Shu (238b). (Unlike the other third-
order method (E38k) this is total variation diminishing (T'VD) [121], a prop-
erty that plays an important role in avoiding spurious oscillations around
shocks if a perfect fluid is evolved with the same time integrator.) We found
that the fourth-order method (E39) (although not TVD) has similar stabil-
ity properties to ([E38h) for our system of equations. We decided not to use
the fourth-order method because it is slightly more expensiv, and it does
not improve the overall accuracy because the spatial accuracy of the finite

differencing is only 2.

4.2.2 Numerical dissipation

For the scalar advection equation with periodic boundary conditions, we
found that the system of ODEs (EZ1) solved in the MOL framework had
purely imaginary eigenvalues. For more complicated (systems of) PDEs and
in particular for non-periodic boundary conditions, this may no longer be the
case. There may exist solutions that grow like exp(at/h) with a > 0. These
are not present in the continuum problem but are a mere consequence of the
spatial finite differencing.

In many cases, these spurious modes can be eliminated by adding Kreiss-
Oliger dissipation [(3, 04] to the right-hand-side of (E27). An example of a

dissipation operator is
(D4u)j = —1—16}7,71(71]‘,2 — 4’111]',1 + 6Uj — 4Uj+1 + ’U,j+2) . (464)
This operator has a Taylor expansion

(Dgu); = —£h*(W"™); + O(R°). (4.65)

'However, the fourth-order method has a larger stability region and thus permits a

larger time step.
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Because our finite-differencing is second-order accurate, the order of accuracy

is not changed when adding D4u to the right-hand-side,
ou=f(t,u) + epDju. (4.66)
Inserting a Fourier mode (BhH) into (E64]) gives us
Dya(i¢) = —h ™' sin* § a(i€) . (4.67)

We see that adding dissipation will decrease the amplification factor of high-
frequency modes (¢ close to m). The same argument as above for the advec-

tion equation shows that
At

—en| S 1 (4.68)

is needed for stability (the precise bound depending on the ODE integrator).
In practice we mostly use 0.1 < ep < 0.5.

Our numerical experiments indicate that a small amount of artificial dis-
sipation is essential in order to avoid high-frequency instabilities that occur
at very late times during the evolutions, particularly close to the boundaries.
For a theoretical justification for a simple model problem see Oliger [0, p
255].

We apply the fourth-order operator (L64l) both in the r and the z direc-
tion and add it to the right-hand-side of the discretized evolution equations
at all interior grid points. In order to eliminate (or at least postpone) in-
stabilities sometimes caused by outer boundary conditions of the differential

type (EE22), we have tried replacing (BL64) with the second-order operator
(DQU)j = ihil(ujqu — 2Uj —+ Ujfl) = ih(U”)j + O(h3) . (469)

This is only applied at the outermost layer of grid points. Since our dis-
cretization (E23)) of the differential boundary conditions is only first-order

accurate, the leading-order accuracy is again unaffected.
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4.3 The Multigrid method

Solving elliptic equations is generally thought to be expensive because typi-
cally O(N?) operations are required, where N is the number of grid points. In
contrast, hyperbolic equations only require O(N) operations per time step.
However, the Multigrid method developed by Brandt [30] gets away with
O(N) operations and is thus competitive. This section serves as an intro-
duction to this method. We begin by describing basic relaxation methods
for elliptic differential equations and how the Multigrid idea can accelerate
those methods significantly. We then generalize from linear to non-linear
problems, systems of equations and two-dimensional problems. The first
half of this section is mainly based on the book by Briggs et al. [31]], which
gives an excellent introduction to Multigrid methods. Further details can be

found in Wesseling [I41] and Hackbusch [74].

4.3.1 Relaxation Methods
Consider the simple one-dimensional model problem
—u"(z) = f(x), O<z<l,

u(0)=wu(l) = 0. (4.70)

The domain ©Q = [0,1] is discretizedH by introducing the grid points x; =
jh, 0 < j < N, where h = 1/N is the constant width of the cells. The original

differential equation (EEZ0) is replaced by a system of difference equations

A2 (—uj1 4 2uj —uj1) = flz;), I<j<N-1,

Ug =UN == 0, (471)

2This discretization is vertex-centred rather then cell-centred. We return to cell-centred

discretizations in section B34
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where u; = u(x;). In matrix form, this system of linear equations is written

as

Au=f (4.72)

where

A=— (4.73)

One of the simplest schemes to solve (B iteratively is the Jacobi
method. It is obtained by solving the jth equation of () for w;, using the

current approximation for w;_; and w;1:

vt = (o o B2 ) I<j<N-1, (4.74)

where v denotes the mth step approximation to the unknown u. The
Gauss-Seidel method differs from the Jacobi method in that the components
of the new approximation are used as soon as they are available, i.e., we

successively replace
’Uj «— %(Uj—l —+ Uj+1 + h2fj) s 1 < j < N — 1, (475)

in ascending order. Alternatively, one can sweep through the grid points in
descending order, or one can first update the even components of v and then
the odd components. The latter variant is known as red-black Gauss-Seidel.

Now consider a general matrix A = D — L — U where D denotes the
diagonal and —L and —U the strictly lower and upper triangular parts of A.

The Jacobi method can be written as

vl = Ryv™ + DT (4.76)
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where the iteration matrix R; is given by
R;=D Y L+U). (4.77)
Similarly, the Gauss-Seidel method takes the form
vl = Rev™ + (D — L) 'f (4.78)

where

Ro=(D—-L)"'U. (4.79)

The convergence properties of the above relaxations depend crucially on the
size of the largest eigenvalue of the iteration matrix R, which is known as

the spectral radius

p(R) = max |A(R)]|. (4.80)

The iteration converges if and only if p(R) < 1. This is satisfied if the original
matrix A = (a;;) is diagonal dominant, i.e.
> eyl <lawl, 1<i<N-1. (4.81)
1<GSN—1, j#i
This condition imposes quite a severe restriction on realistic problems, as we
shall see in section BA.2
To analyze the convergence properties in more detail, it is useful to look
at the characteristic structure of the iteration matrix R. We illustrate this
for the Jacobi method applied to the model problem (EEZTl). The eigenvalues
of R; are found to be
Ak(RJ)=1—2sin2k—”, I1<k<N-1, (4.82)
2N
and the eigenvectors wy, are given by

ik
wk,j:sin‘%, 1<k<N-1, 0<j<N. (4.83)
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We see that the eigenvectors are simply Fourier modes. Let e = u—v denote
the error of the approximation v. Suppose we choose the initial error to be

one of the Fourier modes, e

= wj. Then the error after m steps of the
iteration is €™ = R7'e” = A\"(R;)wy. After m iterations, the kth mode of
the initial error has been reduced by a factor of \*(R;). From (EX2), we see
that high-frequency or oscillatory modes of the error are damped much more
effectively than low-frequency or smooth modes. This so-called smoothing
property is generic for all classical relaxation schemes. These schemes are

very effective in reducing the oscillatory components of the error but the

smooth components persist.

4.3.2 The Multigrid idea

The idea of Multigrid is based on a simple observation: a smooth mode on a
fine grid appears more oscillatory on a coarser grid. This suggests that when
the relaxation on a fine grid begins to stall, we transfer the error to a coarser
grid, e.g. with twice the step size of the fine grid, where it can be damped
much more effectively. Then the error is transferred back to the fine grid and
we relax again. This idea will be made precise below.

The equation we use to reduce the error on the coarser grid is the residual
equation,

Ae=r, (4.84)

which follows from (D) if we define the error to be e = u — v and the
residual to be r =f — Av.

Let v denote the approximation on the fine grid Q" with step size h and
v?" the approximation on the coarse grid Q%" with step size 2h. Suppose we
have a restriction operator I?" which transfers vectors from Q" to Q% and a

prolongation operator 1% which transfers vectors from Q2 to Q. Then we
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can define the following algorithm [31), chapter 3]:

Two-Grid Correction Scheme

e Relax v; times on A"Mu" = f* on Q" with initial guess v".

e Compute the fine-grid residual r" = f* — A"v" and restrict it to the

coarser grid by r?" = [2'rh,

e Relax on A%e? = r?" on 2"

e Prolong the coarse-grid error to the fine grid by e = I " and correct
the fine-grid approximation by v « v" + e”.

e Relax vy times on A"u" = f* on Q" with initial guess v".
Intergrid transfer. There are many ways to choose the intergrid trans-
fer operators I and I?". The simplest (and very effective) choice for the

prolongation operator is linear interpolation,

h 2h
U2j = Uj y
h 1(,2h 2h ; N

A systematic way of defining the restriction operator is given by
I —c(I?T,  ceR, (4.86)

with ¢ = 1 for one-dimensional problems (for arbitrary dimension, c is deter-
mined by the requirement that restriction should preserve constant vectors).

For the prolongation operator (E8H), this leads to

2h __ 1/, h h h .
vt = 3(vg;_q + 2vy; +v3544), 1<7<

vz

—1, (4.87)
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which is known as full weighting. The coarse-grid operator may then be

defined by the Galerkin condition
A = 2R AT (4.88)

which arises from a minimization principle [31, chapter 10]. For the model
problem at hand, it turns out that the coarse-grid matrix A% defined in this
way is just the fine-grid matrix A" with h replaced by 2h, which makes it
easy to implement. For more complicated problems, this will not be the case
and the Galerkin condition is no longer useful in practice. Instead, we will
choose the coarse grid operator A%" to have the same form as the fine-grid
operator A". The choice of intergrid transfer operators is restricted by a
simple criterion, given by Hackbusch [4]: to obtain a mesh-size independent

rate of convergence of Multigrid, it is sufficient that
m, +m, = 2m, (4.89)

where m, is the interpolation order for restriction, m, is the interpolation
order for prolongation, and 2m is the order of the differential equation to be
solved. Hence for second-order differential equations, it is sufficient to choose
m, = 1 (piecewise-constant interpolation) and m, = 2 (linear interpolation),

which is indeed what we have found perfectly satisfactory.

Multigrid cycles. Looking at the two-grid correction scheme again, we see
that the coarse-grid problem is not much different from the fine-grid prob-
lem. Therefore, we can apply the two-grid correction scheme to the residual
equation on Q%" i.e. we relax there and move to Q% for the correction step.

We can repeat this process recursively:
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h h

2h 2h
4h 4h
8h 8h

(a) (b)
Figure 4.4: Schedule of grids for a (a) V-cycle and (b) W-cycle on four levels

u-Cycle Scheme v « My" (v, ")

1. Relax v; times on A"u" = f* with a given initial guess v".

2. If Q" is the coarsest grid, then go to step 4. Else

f2h — [leh<fh o Ahvh) ’
v « 0 (initial guess),

v MpP(v* ) ptimes.

3. Correct v « v + I v?h.

4. Relax vy times on A"u” = f" with initial guess v".

For ;1 = 1 we obtain the V-cycle scheme, for y = 2 the W-cycle scheme.
The choice of the names becomes obvious from figure EE4, which shows the
order in which the grids are visited. For the elliptic equations considered
in this thesis, we found that W-cycles were more efficient than V-cycles in

driving the residual below a given threshold.
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4.3.3 Nonlinear Multigrid

Nonlinear PDEs lead to nonlinear finite difference discretizations of the form

A(u) =f, u, f e RY. (4.90)

As before, we define the error of an approximation v to be e = u — v and
the residual to be r = f — A(v). By subtracting (£90) from the definition of
the residual, we obtain

A(u) — A(v)=r. (4.91)

The crucial difference between linear and nonlinear problems is that if the
operator A is nonlinear, we cannot conclude that A(u) — A(v) = A(u—v) =
A(e). We no longer have the simple linear residual equation (E84]) but have
to use (EE9TI) instead.

One way to solve (EO)) is to replace u = v + e and to Taylor-expand

about v. Keeping only the linear term, we arrive at the linear system
J(v)e=r, (4.92)

where J;; = 0A(v);/0v; is the N x N Jabobian matrix. Iteration of this
step leads to the well-known Newton-Raphson method. To solve the linear
equation (EE92), we could use the linear Multigrid methods presented above,
and this combination is usually called Newton-Multigrid.

However, Multigrid can treat the nonlinearity directly! Let us write down

the residual equation (EEQT) on the coarse grid Q%"

AP () = AP (V) 4 e (4.93)

h

Suppose we have some approximation v? on Q. We can restrict that ap-

proximation to 2",

v = [2hyh (4.94)

Y
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and similarly restrict the residual,
v = [Pyt = 2R — AP(vhY)) . (4.95)

Then the right-hand-side of (f293)) is known, and we can relax that equation
with respect to u?* to obtain a new approximation on Q%*. This leads to the

following algorithm [3T, chapter 6]:

Full Approximation Scheme (FAS)

Restrict the current approximation and its fine-grid residual to the

coarse grid: r?" = [2(f" — Ah(v")) and v = 2

Relax on the coarse-grid problem A% (u?') = A% (v?h) + r?h.

Compute the coarse-grid approximation to the error: e?" = u?* — v,

Prolong the error approximation to the fine grid and correct the current

fine-grid approximation: v « v + I e%h.

This is called full approximation scheme because apart from the vector
that is iterated in the relaxation steps, it requires the additional storage of
the current approximation coming from the finer grid. The extension of the
above two-grid scheme to the Multigrid p-cycles is obvious.

The same relaxation schemes as in the linear case can be applied: e.g. for
the Gauss-Seidel relaxation, one solves the equation A(u) = f for u; at grid
point 7. However, since the underlying PDE is nonlinear, the Gauss-Seidel
step may require solving a nonlinear equation instead of a linear one as in
(EH). This can be done with Newton’s method, as discussed above in the
case of Newton-Multigrid. Note, however, that we only need to solve a single

nonlinear equation now instead of an N x N system as in (232!
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4.3.4 Extension to systems and multidimensions

Systems of PDEs. [t is straightforward to generalize the above algorithms
to systems of equations. The vector of unknowns now has the form u =
(ul, u?, ..., u*)T where k is the number of equations and each subvector
u’ € RY. For prolongation and restriction, one simply treats the subvectors
separately.

For non-static relaxations such as Gauss-Seidel (as opposed to Jacobi),

the order in which the unknowns are updated matters. One possibility is to

update all the unknowns u}, u?, cee uf simultaneously at each grid point j.
Another possibility is to first update ujl over the entire grid, then u?, and
so forth. We found that the first method is more efficient for the elliptic

equations occurring in our problem.

Multidimensional problems. The extension to two (or more) dimensions
is straightforward, too. The vector of unknowns is now u = (u;;), 1 <i < N,,
1 <5 < N, for a grid with N, points in the r direction and N, points in the
z direction. We consider a cell-centred grid here as described in section BTl
The restriction and prolongation operators are now based on two-dimensional

interpolation. We use piecewise-constant interpolation for prolongation,

h _ . h _ .k _ . h  _ .2k
Ugj—1,925 = Ugi2j—1 = Ugi—1,2j—1 = U425 = Ujj »

1<i<i, 1<j<, (4.96)

and (triangular) linear interpolation for restriction,

oh 1 (,h h h h
Uiy = 16 (u2i,2j72 Tt U152 T 2”2%1,2;'71 + 3”22‘,2]'71

h h h h
Ui 1,951 T Ug_o05 + 3“22‘—1,2]‘ + 2u2i,2j
h h
Uy 90541 T U22‘—1,2j+1) )

I<i<hy, 1<, (4.97)
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Again, there is an ambiguity in the order of update in the relaxation step
for the Gauss-Seidel method. The lexicographical Gauss-Seidel method first
sweeps through the index ¢ (in ascending order) in an outer iteration and
then through j in an inner iteration. The red-black Gauss-Seidel method
colours the grid points in chessboard manner and first sweeps through all
red points (in lexicographical order), then through all black points. We have

found the red-black version to be more efficient for most problems.

4.4 Alternative methods

In this section we discuss some alternative methods — finite volume methods
for hyperbolic equations and conjugate gradient methods for elliptic equa-

tions.

4.4.1 Finite volume methods

Centred finite-differencing in conjunction with the method of lines works
well if the solution one tries to approximate is smooth. This is the case for
the vacuum gravitational waves considered in this thesis. Once matter is
included, however, discontinuous solutions have to be taken into account.
For example, the formation of shocks is a common phenomenon in fluid
dynamics. In [I5] it was shown for the coupled Euler-Einstein equations in
plane-symmetric Gowdy spacetimes that discontinuities can also show up in
the first- and second-order derivatives of the metric.

The method presented in the previous sections is unsuitable for discon-
tinuous solutions because it produces large oscillations around the disconti-
nuities, known as the Gibbs phenomenon. A huge variety of methods that are

capable of dealing with discontinuities have been developed in computational
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fluid dynamics [95, 97, 134]. These methods are typically based on a formu-
lation of the underlying hyperbolic PDEs as conservation laws (possibly with

sources)

ou + df4(u) = S(u), (4.98)

and they adopt the finite volume approach. Most methods consist of three
stages: starting from the cell averages, the numerical solution is first recon-
structed at the cell interfaces. A numerical flur is then computed from the
reconstructed values. Finally, the numerical solution is integrated forward in
time.

Since the Z(2+41)+1 system discussed in chapter @ is written precisely in
the form (B98), one might try to apply finite volume methods to that system
as well. Our experiments indicated that this is not feasible for the following
reasons.

Consider first the reconstruction procedure. We found that reconstruc-
tions which adapt themselves to discontinuities, such as the weighted es-
sentially non-oscillatory (WENQO) reconstruction [126] and the slope-limited
reconstruction [I34], led to instabilities unless an extremely high resolution
was used.

Consider next the numerical flux. Many numerical fluxes used in high-
resolution shock capturing methods are based on the solution of the Riemann
problem and require that one can compute the characteristic variables from
the conserved variables and wvice versa. It turns out that this cannot be done
in a regular way close to the axis for our system (section E5.4]). Therefore we
have to resort to numerical fluxes that do not require any knowledge of the
characteristic structure. Possible candidates include the basic Lax-Friedrichs
flux and the FORCE flux used in the SLIC and FLIC methods of Toro [134].

Unfortunately, these fluxes are very viscous and led to a severe damping of
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the waves in our experiments. The recent higher-order MUSTA flux of Toro
and Titarev [I36] 135] might be a promising alternative.

We have decided to stick with centred finite-differencing combined with
the method of lines as described in the previous sections because it can be
applied to second-order as well as first-order (in space) PDEs, it does not
include any artificial viscosity, and it appears to be very stable.

However, our long-term goal is to include a perfect fluid, and then we will
have to use finite-volume methods at least for the matter equations. Such
methods have been successfully applied to general relativistic hydrodynamics
(see B4 for a comprehensive review), including a study of perfect fluid critical

collapse in Friedmann-Robertson-Walker spacetimes [78, [77].

4.4.2 Conjugate gradient methods

The convergence of the Multigrid method depends crucially on the underlying
relaxation. If the diagonal dominance condition (EEXI]) is strongly violated
so that the relaxation diverges then Multigrid will also diverge.

A different class of linear relaxation methods that do not suffer from this
problem are based on the conjugate gradient (CG) method (see [125] for an
elementary introduction). This can be interpreted as a function minimization

algorithm applied to the norm of the residual,
r(v) = ||f — Av|s (4.99)

in the notation of section E3l The advantage of these methods as compared
with direct matrix solvers is that the matrix A is only ever referred to in the
form Av. Since A is sparse for finite difference discretizations, this matrix-
vector product can be implemented very efficiently.

While the original conjugate gradient method only converges for symmet-
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ric positive definite matrices A, the bi-conjugate gradient method in principle
converges for any non-singular A. An improved version of that algorithm
is the bi-conjugate gradient stabilized (BiCGStab) method of van der Vorst
[137]. The convergence of CG methods depends crucially on the use of the
so-called preconditioner, a matrix B that approximates A and is easy to in-
vert. One then applies the conjugate gradient method to B~!'A, which is
closer to the unit matrix than A and exhibits a much faster convergence. A
preconditioner that is straightforward to implement and that worked well in
our experiments is the SSOR preconditioner (e.g., [130]).

Still, the complexity of CG methods is greater than that of Multigrid:
at least O(N In N) operations are required, as compared with O(N) opera-
tions for Multigrid. In principle, one can also use CG as a relaxation within
Multigrid but this is not very efficient because CG methods do not share
the smoothing property of the classical relaxation schemes (section EE371]). In
addition, CG methods are not capable of dealing with nonlinear problems
directly. Hence an outer Newton-Raphson iteration has to be applied, which
multiplies the workload.

If Multigrid converges, it is always more advisable to use it rather than
CG methods. We have successfully implemented the BiCGStab algorithm for
the Hamiltonian constraint (B224)) in situations when Multigrid fails for that
equation (e.g., in strong Brill wave evolutions). However, as explained later
in section .57l the Hamiltonian constraint might have multiple solutions in
those situations. Preliminary results indicate that the CG method sometimes
appears to converge to a “wrong solution”, i.e., one that is not compatible

with the remaining equations (see also the remarks in section B.§]).
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4.5 Adaptive mesh refinement

So far we have only considered grids that are uniform across the whole com-
putational domain. The solution of hyperbolic partial differential equations
on such a grid can be very inefficient if the solution contains a wide range of
relevant length scales. To resolve the small-scale features, a high resolution
is needed, whereas a much lower resolution would be sufficient in smooth
regions. Since the computational workload scales (roughly) linearly with the
number of grid points, having a single grid with a uniformly high resolution
is impractical. One way out would be to use a non-uniform grid. The main
disadvantage of this is that because of the CFL condition (section EZ), the
whole grid needs to be evolved with a time step restricted by the smallest grid
spacing. This is avoided by the adaptive mesh refinement (AMR) technique,
whereby the computational domain is covered by a dynamical hierarchy of
uniform grids of increasing resolution, each advanced with its own time step.
During a numerical simulation, refined grids are added in regions where and
when they are needed, and discarded when they become obsolete.

AMR was invented in 1984 by Berger and Oliger [T9]. It was first applied
to numerical relativity by Choptuik [0] to study the critical collapse of a
massless scalar field in spherical symmetry. Further one-dimensional appli-
cations include the same problem in double-null coordinates by Hamadé and
Stewart [76] and perfect fluid collapse in Friedmann-Robertson-Walker uni-
verses by Hawke and Stewart [78]. Two-dimensional examples include studies
of inhomogeneous cosmologies by Hern [R1] and scalar field critical collapse
by Choptuik et al. [A2]. Three-dimensional AMR has been used in single and
binary black hole simulations, see e.g. Pretorius [IT1] for a promising recent
attempt.

In this work, we mainly use Berger and Oliger’s classic algorithm (applied
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to two spatial dimensions), with certain simplifications and modifications
described below. The implementation is based on a code originally written
by Stewart and Hern (see [R1] for a detailed description). Changes have been
made mainly to the boundary treatment (section EEh.2), regridding procedure
and refinement criteria (section EE53)). One of the outstanding features of
the AMR part of the code is that it is to a large extent independent of the
other parts such as the time integrator, the initial data solver, and the actual
implementation of the equations being solved.

We have only implemented AMR for hyperbolic systems of partial dif-
ferential equations. The extension to mixed hyperbolic-elliptic systems and
the combination of AMR with the Multigrid method for elliptic equations
(section E3)) is rather complicated, although some progress has been made

(see [I13] for an implementation with numerical relativity in mind).

4.5.1 The grid hierarchy

The building blocks of the AMR algorithm are the uniform grids described in
section LTIl We use cell-centred grids rather than vertex-centred ones (this
is not an essential restriction — it only affects the details of the interpolation
between grids). The grids are arranged in a hierarchy in the following way:
the hierarchy consists of [, levels. Each level contains grids of the same
resolution. Level 1 only contains a single grid, the base grid, the next coarsest
level is 2 and so on until level /.., which contains the finest grids in the
hierarchy.

The grid spacings of two consecutive levels are related by h;/hi1 = p,
where p > 2 is an integer. We choose p = 2 in our applications.

Each child grid on level [ 4 1 is entirely contained within its parent grid

on level [, a property called proper nesting. Unlike in Berger and Oliger’s
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+-4-+
+-4-+

Figure 4.5: Example of an AMR grid hierarchy with 3 levels. The grid functions are

defined at the cell centres. Realistic grids contain much more cells.

original work [19], we require that grids on a given level do not overlap.
Furthermore, we require that all grids be aligned with the boundaries of the
computational domain (Berger and Oliger allowed for rotated grids). Figure

shows an example of a typical AMR hierarchy.

4.5.2 Time-stepping the grid hierarchy

The grids are advanced in time by the following recursive procedure: first all
grids on level [ are advanced one time step to time ¢ + At;, then all grids on
level [ 4+ 1 are advanced to the same time. To be consistent with the CFL
condition ([ELGIHEGT), the time step on level [ + 1 has to be refined by the
same ratio as the grid spacing: At;/At;y; = p. This means that p time steps
have to be taken on level [ + 1 until it has caught up with level [.

Boundary data has to provided before a time step can be carried out. We
distinguish between ezternal boundaries, which coincide with the boundaries
of the computational domain, and internal ones, which lie in the interior of
the computational domain. External boundaries of a given grid are dealt with

outside of the AMR algorithm — the boundary conditions to be enforced there
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depend on the problem being solved. To provide data at internal boundaries,
we exploit the fact that when a grid is to be advanced in time, its parent
grid has already been advanced. Interpolation in time and space is used
to interpolate the data from the parent grid to the ghost cells of the child
grid (see section for the ghost cell technique). This requires storage
of data from both the current and the previous time step on the parent
grid. The interpolation scheme we use is trilinear interpolation. We have not
experienced any problems with high-frequency noise at the grid boundaries as
reported by some authors. The same fourth-order Kreiss-Oliger dissipation
operator (64 is applied at all interior grid points, with no modifications
necessary close to the boundaries.

Once a child grid on level [ 4+ 1 has reached the same time as its parent
grid on level [, the data on the child grid is injected into the parent grid.
For cell-centred grids, this involves some sort of interpolation because the
cell centres of the parent grid do not coincide with cell centres of the child
grid (we use bilinear interpolation). By this update step, the most accurate
solution available at a given point is propagated to all grids in the hierarchy.

When implementing systems of hyperbolic conservation laws using the
finite volume method, one has to ensure that the scheme is conservative
across the grid boundaries. This implies that certain modifications have to
be made to the fluxes at the boundaries [I8], a technique known as refluzing.
We have not implemented this because we are using the finite difference
rather than the finite volume method, and the “conserved” quantities have

no physical significance in our problem (cf. section [E3).
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4.5.3 Adapting the grid hierarchy

The most powerful feature of the AMR algorithm is its ability to automati-
cally adapt the grid hierarchy in order to maintain an appropriate resolution
of the data at all times. The process of adding, removing or extending grids
is called regridding. On each level, regridding takes place every T, time steps,
where T, is a user-defined integer (we choose T, = 4). We need to address two
questions: firstly, how to decide where on a given grid refinement is needed
and secondly, how to rearrange the grid hierarchy.

At the start of the regridding phase, grid cells that fail to meet a certain
accuracy criterion are flagged. A common criterion is based on an estimate
of the local truncation error via Richardson extrapolation. In the original
Berger and Oliger algorithm, this is implemented in the following way. Two
copies of the grid under investigation are made, the first one, G", being an
identical copy, the second one, G?", a version coarsened by a factor of 2. Two
time steps of size At are taken on G" and a single step of size 2At on G*".

Let us write the resulting approximation on G" as
u' =u, +e" (4.100)

and the one on G?" as

u? = uy +e?", (4.101)

where ug denotes the (generally unknown) exact solution. For second-order
accurate finite differencing, the error should behave like ~ h? so that the

errors on the two grids are related by
e’ ~ 4e” . (4.102)

Subtracting (EEI00) from (EI0I) and using ([EI0Z), we obtain an estimate

for the error on G":

(u?h —uh). (4.103)
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A grid cell is flagged if the absolute value (or some norm, in the case of
systems) of the estimated error there is bigger than a user-defined threshold.

We can simplify Berger and Oliger’s implementation by recalling that at
the time when a child level and its parent level are in synchrony, just be-
fore the child—parent update step, the information required for computing
the error estimate is readily available. All we need to do is interpolate the
data from the parent grid to a copy of the child grid and form the difference
ET03) H Because the error is O(h?), it is important that one uses more than
second-order accurate interpolation here (we choose biquadratic interpola-
tion). This simplified scheme has been called a self-shadow hierarchy [113]
because it is no longer necessary to create a separate “shadow”, i.e., a copy
of a grid that is merely advanced for truncation error estimation. The only
level where this procedure does not work is the coarsest one, for this does
not have a parent. We therefore require that the coarsest level always be
fully refined. The resolution on level 2 should then be chosen to match the
desired coarsest resolution; level 1 is merely used for error estimation (the
overhead that this causes is small because the number of grid points on level
1 is only a fourth of that on level 2).

Error estimation via Richardson extrapolation is by no means the only
possible refinement criterion. For instance, an indication of how well a func-
tion is resolved can be obtained by evaluating its (suitably normalized) second
spatial derivative [99, 60]. We have experimented with similar criteria but
did not find them appropriate for the wavelike solutions considered in this

thesis. Alternatively, one could use certain physically motivated quantities as

3Strictly speaking, the fine grid solution might have been modified by injections from
even finer grids in the meantime. The correction to the estimate ([EEII) is of order (h/p)?,

i.e., it is suppressed by a factor of p2.
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refinement indicators, e.g., the distortion of a spacelike slice or the residuals
of the constraints. More details on this will follow in section when we
discuss our particular application.

Suppose now we have obtained an array of error flags. Next, the flagged
regions are enlarged by so-called buffer zones. These ensure that high-error
features of the solution do not propagate out of the refined regions before
the next regridding step is performed. The width of the buffer regions re-
quired depends on the choice of 7). and the Courant number \: signals that
propagate at speed c can travel at most cAT,. grid spacings in 7). time steps.
Because A < 1 is needed for stability and ¢ < 1 (the speed of light), a safe
choice is a buffer width of T, cellsH Also, regions of the grid on level [ that
are covered by grandchildren (i.e., level [ + 2 grids) are flagged. This ensures
that (the union of ) the newly created child grids contain the grandchild grids.
The modified array of flags is then passed to a clustering algorithm, which
creates a set of rectangular child grids containing the flagged points. The
algorithm we use is based on techniques common in computer vision and
pattern recognition and is described in detail in Berger and Rigoutsos [17].
The user can specify a target value for the approximate filling factor F, the
ratio of flagged cells to the total number of cells in a child grid. A high value
for this will produce many small child grids, a low value few large ones. Both
extremes are computationally unefficient; a good compromise appears to be
F =~ 0.7. The clustering algorithm had to be modified slightly in order to
ensure that each existing grandchild grid is contained within a single newly
created child grid, so that proper nesting is maintained.

After clustering, the child grids are filled with data interpolated from

4Depending on the width of the stencil used for intergrid interpolation, a slightly larger

buffer zone may be required.
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their parent (we use bilinear interpolation for this). If there are existing
grids on level [ + 1 that overlap with the newly created grids, their data is
used instead before they are destroyed.

When it is time to regrid level [, we carry out the above operations first
on the finest level /.., then on level [, —1 and so on until level [ itself. This
is Berger and Oliger’s original “top-down” approach; a different “down-top”

approach is used by Hern [RT].



Chapter 5

A mixed hyperbolic-elliptic

system

In this chapter we present a first evolution scheme based on the (2+1)+1
formalism. Apart from hyperbolic evolution equations, it contains elliptic
equations that need to be solved at each time step, which distinguishes it
from the completely hyperbolic Z(2+1)+1 system considered in the following
chapters. This chapter is mainly based on an earlier essay [I18].

We begin by explaining our gauge conditions (section B.l), which are
motivated by geometric considerations and by simplifying the system as much
as possible. They lead to elliptic equations for the lapse function and the
shift vector. We then turn to the issue of regularity on axis and explain
how the regularity conditions of chapter Bl can be enforced by an appropriate
choice of variables (section BZ). The final equations to be solved are written
out in terms of these variables in section Three alternate evolution
schemes are then discussed that differ in the way the constraint equations are
treated, ranging from a fully constrained scheme to a free evolution scheme

(section B4l). The elliptic equations occurring in the different schemes are

73
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investigated further with regard to uniqueness of solutions and numerical
solvability with Multigrid methods (section BX). The constraint evolution
system is derived in section and its well-posedness is analyzed for the
three evolution schemes. Numerical evolutions of generalized Brill waves,
including twist, are presented in section .l Evidence for the existence of a
critical point separating dispersal and black hole formation is given, and the

present limitations of the code are indicated.

5.1 Elliptic gauge conditions

To complete our evolution formalism, we have to come up with a prescription
for the gauge variables, which specify the coordinate system. We would like
to tie them to the evolution so that they can adapt themselves, for instance
when a spacetime singularity is approached.

Consider first the prescription for the lapse function, also called the slicing
condition. The one we choose here is mazimal slicing. Its name arises from
the fact that it maximizes the proper volume of the individual spacelike
slices [T44]. This suggests that when a high-curvature region of spacetime
is approached, the slices try to avoid that region and “pile up” in front of
it. In this way, a large part of spacetime can be explored without hitting
a potential singularity. Maximal slicings have been constructed analytically
for Schwarzschild spacetime [B] but the singularity avoiding property has
also been shown to hold in more general situations [46].

For maximal slices, the trace of the second fundamental form of the three-
dimensional (i.e., including the dimension of the Killing vector) ¢t = const.

surfaces vanishes. In (2 4+ 1) + 1 language, this translates into

X+ K,2=0. (5.1)
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As we want this condition to hold at all times, we also require its Lie deriva-
tive along the normal lines to vanish. £,y = L,,(H ABy 4p) can be computed
using the evolutions equations (Bh4l) and (BhH), and L£,K,7 is given by
(B31). Together we obtain

L,(x+K,»?) = —a o+ PR+ (x+ K 9 = X la™'\ 40

22X\ at = IN2B? 4 Lk (14 Sat — 3pm) . (5.2)

If we now impose (B5J]) and subtract twice the Hamiltonian constraint (B50)
from the right-hand-side, we end up with the following elliptic equation for

[0

S = a”AA — Oé[XABXAB + K@gpQ — )\_104_1)\7A0z’A + %)\2EAEA

Pl (o474 544)] = 0. (5.3)

Next we deal with the shift vector. We exploit the fact that every two-
dimensional Riemannian manifold is conformally flat. Hence we can choose

coordinates such that at all times
H,=H.=VH, H.,=0. (5.4)

This conformal flatness condition thus simplifies the system by reducing the
number of variables to be evolved: H 4p now has only 1 instead of 3 degrees
of freedom. This gauge is also known as Wilson gauge [142] in the literature.

Imposing (B4]) on the time derivative of H4p (B54) now implies that

ﬁ, = 5r,r - 5Z,z O{(er - Xzz> ) (55>
ﬁ-ﬁ- = ﬁr,z + ﬁz,r = 2aXrZ . (56)

By forming the combinations 0, (&) + 0, (B8) and —0, (BH) + 0, ([BH),

we arrive at the following Poisson equations for the components of the shift
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vector:

Br,rr + Br,zz - [QQXTZ],Z - [a(XTT - Xzz>],r = 07 (57>

S: = o+ 072 — 2ax7], + [al” = x7)] . = 0. (5.8)

T

An alternate way of solving for the shift vector using the momentum con-

straints will be explained in section B4l

5.2 Regularity on axis

As emphasized in chapter Bl great care must be taken to enforce the regu-
larity conditions for axisymmetric tensor fields during a numerical evolution
because otherwise certain terms in the evolution equations become singular
on the axis.

Let us first deal with the regularity condition (228) applied to the space-
time metric g,5. It implies that

9ep _ A2
T2.g7"7" Tz\/ﬁ

If we evolved v/H and X independently, this subtle relation would soon be

=1+0(r?). (5.9)

violated during the evolution due to numerical errors. Instead, we replace

V/H and X\ with new variables 1) and s defined by
VH = ¢te® =7, (5.10)

where s = O(r) and ¢ = O(1) on the axis. Indeed, this guarantees that
)\2
r2VH

for small . Equation (B210) is the choice of variables made in Garfinkle and

e 1 —2rs =1+0(r?) (5.11)

Duncan [62]. Another possibility (satisfying (BIT) with s replaced by —s) is

VH =9, N=ry?’, (5.12)
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which are the variables of Choptuik et al. [41]. We have also considered
replacing v* in the above with exp2¢, which has the advantage that no
logarithmic derivatives ¢)~!1 4 appear in the final equations and thus many
nonlinearities drop out. All the various choices have been implemented and
it was found that strong Brill wave evolutions were slightly more stable for
(ET0) than for the other possibilities. We therefore adopt that choice in the
following.

The corresponding regularity condition for the extrinsic curvature implies

that
K2 =12 K,, +0(r?) = x + O(r?) = x,” + O(r?). (5.13)

Hence K,? — x," is O(r?) on axis, while each single term is O(1). This will
not hold numerically if we evolve K,# and x," separately and so we introduce

a new variable Y defined b

Y =r YKy - x."), (5.14)

where Y = O(r) near the axis. Because of the maximal slicing condition x +
K ¥ = 0, the extrinsic curvature has only two more independent components,

which in agreement with [62] are taken to be
U= er - Xzz ) X = sz = er . (515)

Similarly, the regularity condition for the energy-momentum tensor im-

plies that 7 — S, is O(r?) on axis and so we redefine 7 by
F=rt(r-87). (5.16)

The set of variables we evolve is summarized in table Bl which also states

their small-r behaviour. This determines the boundary conditions we impose

!This definition is the same as in [A1]. The variable W in [62] is W = —Y.
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057@7 ﬁad@ﬁ;x; Ua X; B_lp’ E_r7 Ezu
PH, O, J@)&) Jzafaga Szaz_ra Zza Srraﬁa SZZ

Table 5.1:  Variables of the hyperbolic-elliptic system and their small-r behaviour.

Underlined variables are O(r), the remaining variables are O(1) on the axis.
on the axis: for a variable u that is O(r) on the axis, a Dirichlet condition
ulr—o =0 (5.17)

is needed, and for a variable u that is O(1) on axis, we enforce a Neumann
condition

Ottly—o = 0. (5.18)

Now we also see why our definitions of the twist variables (B:47THZAY) differ
from those in Maeda et al. [I00] by factors of A (which is O(r) on the axis):
if we had adopted their definition then the variables B¥ and E" would have
been O(r?) on the axis, which is difficult to enforce numerically because we
can easily impose a Dirichlet condition or a Neumann condition, but not

both at the same time.

5.3 Final equations

We are now ready to write out the equations to be solved in our gauge and

variables.
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The gauge conditions

The slicing condition (B3)) is

S = A + 7,710% +a,.+ 2¢71(1/1,r04,r + w,za,z)
—O[’QZ)462TS [%(U _ %’I"Y)2 + %,',.2}/2 + 2X2
+%T2w862rs(Er2 + Ez2)

+3k(p +r7+28,7+ 5.7)] =0.

79

(5.19)

Equations (BBHR.G) imply that U and X are given in terms of the shift by

U = _O[_lﬁ— )

— %O[_lﬁ+ .

The elliptic shift conditions (EZHER) read

~

Sr = ﬁr,rr + ﬁr,zz - (aX),z + (aU)J’ = 07
Sz = 62,7’1“ + 5Z,ZZ - Q(QX),T - (aU>7Z =0.

The constraint equations

The Hamiltonian constraint (B:50) becomes
C = Yot 17U+ Yo + §U(rs,r + 25, +75.2)
+apPe?rs [%(U — Y24+ 1r?Y? + X2 + Lkpy]

_'_%721/}962% [B<p2 —|—1/}4€2TS<ET2 _'_EzZH =0.

(5.20)
(5.21)

(5.22)

(5.23)

(5.24)
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The momentum constraints (B5]]) are

A

C = —3U, +X,.—3rY, =207, (rY +U) + 60 "¢ X
—(rs, + s)U +2rs . X — 3Y — Lr?ySe?s BYE* (5.25)

—kJ, =0,

N
N
Il

2U.+ X, — 31V + 60, X + 29~ (2U — 1Y)
+(2rs, 4+ 25+ 1 )X +rs U+ 2r2ySe?BYE" (5.26)
—kd, =0.

The Geroch constraint (B52) is

~

C, = E,+FE ,+E Q0 ", +2rs, +2s+3r")

+E* (10", + 2rs,) — 2kJ¥ = 0. (5.27)

The evolution equations

Equations (B54HZ5H) imply the following evolution equations for i and

Oy = B, + Y. +¢[3r 6T+ HU = 2rY)], (5.28)
Os = B's,+Fs.+aY + (18, +r15"s. (5.29)

The evolution equations for the extrinsic curvature (B56H3.51) become

QY = BY,+ Y. +r '3V - X(57, - 5 2)
+p e [(r ), — v e, (s + s+ T,
+a,s,]
+arp e [21/1’1(7”11/1#),,1 + S+ 5.+ (r71s), (5.30)
—or Ny (s, + s+ 307 M,)
+27 s
—rapt[B?? + e’ (B + B*%)] — kat, (5.31)
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oU = p'U,+pU,+2X(B.—05%,)
qp e [2(173(2@/)_11#72 +7rs,) — 2a,r(2¢_1¢7r + 7S, +5)
ta,, + a.]
20 te [ =, 4, + 5, 1 s (5.32)
U, (3¢, + 2rs . + 25)
~p (307 s + 2rs )]
—Ly2ayes (B2 — E*%) + ka(S," — S.7),
AX = FX,+ X, +30(5, -5
+ e = g (s + 20710 )
ta.(rs, +s+2¢07",)] (5.33)
o e [ = 20 1t + T, (BUT M, + 2rs )
+20 7 s + 5 )
+%T2a¢)8e2’“sErEz — kS, .
The evolution equations for the twist variables (BXh8HZ0T) are
oL = [B'E",.+[°E",
+yp e [, BY + aB? . + 6y 'y . BY] (5.34)
+E"[2a(2rY —U) — 3", ] — E*3" . — 2kaS"
0 = B'E, +B°E°,
—¢ e[, B? + aB? , + 3aB*(20 "', +r7")] (5.35)
B3, + E* [%a(éer —5U) — 67}] — 2kaS* |
OB? = ['B?,+ [°B? .+ 1aB?(U —2rY)
+2aE" (2, +1s.) — 2aE* (2, + 15, +5) (5.36)
+o E" —a,E*+o(E", - E*,).

We focus on vacuum spacetimes in this chapter and so we do not include
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the matter evolution equations here (see appendix [A] for a discussion of a
perfect fluid).

The above equations have been derived with the help of a programme
written in the computer algebra language REDUCE [R0]. Note that they
are all regular on axis provided that the variables have the correct small-r

behaviour (table BI).

5.4 Alternate evolution schemes

In this section we explain in more detail how the various variables are evolved.
The variables s, Y, E", E* and B¥ are always evolved using the evolution
equations (29 B30, B34, B35, B36). For the remaining variables, there are

several possibilities, and we discuss three alternate evolution schemes here.

5.4.1 A free evolution scheme

In the first scheme, one solves the elliptic gauge conditions (E19, E22H523)
for the gauge variables a, 3" and 3% and evolves the variables ¥, U and X
using their evolution equations (.28, B32, B.33).

This scheme uses the maximum number of evolution equations to update
the variables. None of the constraints are solved during the evolution, which
is why this scheme is called a free evolution scheme.

This is essentially the scheme of Garfinkle and Duncan [62] (although
their scheme does not include the twist variables) with the exception that

they use the Hamiltonian constraint (B224)) to solve for .
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5.4.2 A constrained evolution scheme

In the second scheme, one eliminates the variables U and X completely using

the relations (B2Z0HR.ZT]). The slicing condition (BI9) then takes the form
S(C) = Q) + T_la,r + A2z + 2¢_1(w,7"a,7" + ¢,za,z)
—'e® [2(a7' B2 + ar®YP Y B) + 1o 12
+Iar?yte?s (B + E7) (5.37)
+3ka(py + 717+ 25"+ 5.7)] =0.

To solve for the shift vector, we use the momentum constraints (E25HE20),

which can be written as

CO = 207t e 307+ By (607 + 205 — a7 a)

+26_(60 7", + 3rs, +3s — o a,) — SaY (5.38)
—%ar(G@Z)_l@ZJWY +Y,) — ar®®e** B*E* — 2kad, =0,

CLO = B+ 307 = 30 = 20- (W7 + s, — a7 la)
+B4 (697, +2rs, +2s+r ! —ata,) (5.39)

—2ar(6y .Y +Y,) + ar’y®e**BYE" — 2kaJ, = 0.
The Hamiltonian constraint (E224]) becomes
CO = W +r M, + P+ Yh(rs,, + 25, + 78,
oS [%(&_253 LY rYall) + 10242
+1kpH] (5.40)
Jr1_16762@&9621«5 [B*"Q e (B2 Ez2)] —0.

Equations (BE37HEAT) form a system of coupled elliptic equations that is
solved for the variables «, 5", 5% and 2.
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This scheme uses the maximum number of elliptic equations. All the
constraints are enforced during the evolution except for the Geroch constraint
(EZ7). Hence we call this scheme a constrained evolution scheme.

This is essentially the scheme of Choptuik et al. [AI] (although their

scheme does not include the twist variables).

5.4.3 A partially constrained evolution scheme

Finally, we propose a new scheme that can be viewed as a compromise be-
tween the two previous ones. Here the variables U and X are first evolved
to the next time level using the evolution equations (B.32HE33)). The slicing
condition (BI9) is then solved for « as in the free evolution scheme. To
solve for the shift, however, we use the momentum constraints (E38H039).
After solving for the lapse and shift, the variables U and X are immediately
overwritten by (B20HE2T)). Then the slicing condition and the momentum
constraints are again solved for the lapse and shift, and the procedure is
iterated until convergence. In this way, we enforce both the momentum con-
straints and the gauge conditions. However, we do not solve the Hamiltonian
constraint but evolve 1 using its evolution equation (E.28).

This is the scheme we will use for the numerical evolutions in section
(B7). We will explain its advantages over the other schemes in the following

sections.

5.5 Solvability of the elliptic equations

All the evolution systems presented in the previous section involve (to varying
extent) the solution of elliptic equations. The question arises whether these

equations are well-posed, i.e., whether a unique solution exists. We would
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also like to know which numerical methods can by used to solve the equations,

in particular whether the Multigrid method (section E3)) will work.

5.5.1 Analytical considerations
The elliptic equations we encounter are of the general type
Lu = a*P0,0pu + b2 04u + H(u,2) = f, (5.41)

where the coefficients a*?, b* and the right-hand-side f depend on the coor-
dinates 2 only and H (u, z*) may be a nonlinear function. We assume that
all of these are smooth. The boundary consists of a part where we impose a
Neumann condition 9, u = 0 (on the axis r = 0) and a part where we impose
a Dirichlet condition u = 0 (the outer boundaries)H.

Proving existence and uniqueness of solutions of (.41]) can be decidedly
nontrivial. However, it is relatively easy to obtain a necessary condition for
the solution (should it exist) to be unique. Suppose we are given a solution

up and we consider a small perturbation u = ug + du. For u to be a solution

as well, du must satisfy the linearized equation

a*BO,0p0u + bAD40u + cou = f (5.42)
where
OH
= . 4
¢ 8U uU=1ug (5 3)

For the solution of (A1) to be unique, the solution of (B:Z2) must also be
unique (linearization stability). One can prove using the maximum principle
[TT4, 66] that equation (B42) has a unique solution satisfying the mixed

Dirichlet-Neumann boundary conditions if the following conditions hold:

2Strictly speaking, v = 0 may only be imposed at infinity but the following analysis
requires a bounded domain. We choose it to be sufficiently large such that the Dirichlet

boundary conditions are a good approximation.
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1. the operator L is elliptic, i.e.,

a’Béyép >0 VEERA\0, (5.44)

c<0. (5.45)

Let us check whether these conditions are satisfied for the elliptic equa-

tions we would like to solve.

The slicing condition. Consider first the slicing condition in the form
(B19)) as used in the free evolution scheme (section B24T]) and in the partially
constrained scheme (section Z3). Its principal part is the Laplace operator,
aB = 648 which clearly satisfies (5-24)). The equation is already linear with
the coefficient ¢ in (B242) given by

¢ = = [2(U — 1rY)? + 57V ? + 2X2
+ir2yte?s (B + E°?) (5.46)
+ik(py +r7 + 25,7 + 5.7)] . (5.47)

At least in vacuum, we have ¢ < 0 (note that ¢» > 0). Hence a solution of
the slicing condition (should it exist) is unique.

Suppose now that we use the constrained evolution scheme (section B.4.2)
so that the slicing condition has the form (B37). That equation has a non-

linear source term H(a,z*) as in (&4), and we find

oH rs _
P = V- eTGE )

BV LR ) (5.48)

+3k(pr +r7 + 25,7+ 5.7)] . (5.49)
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Now the first line inside the square bracket has the wrong sign and so 0H/d«a
can be non-negative. Hence we cannot prove uniqueness for the linearized
equation, and solutions to the nonlinear slicing condition (B37) could poten-

tially be non-unique as well.

The shift conditions. The shift conditions (BE2Z2ZHR23)) are simple Poisson
equations (a?? = 048, b* = H = 0 in (541)) and therefore have a unique

solution.

The momentum constraints. The momentum constraints (E38-539)
are linear, H = 0. The only condition that is not immediately obvious is the

ellipticity of the differential operator, for now we have a coupled system

Lp(8,,0.)8"% = fa. (5.50)
The principal symbol is given by

22?4y STy

Lap(z,y) = (5.51)

—gry 2+ 5y
Its determinant is

det L(z,y) = 2(z* + 32°y* + 2y*) > 0 V(z,y) € R*\ (0,0). (5.52)

We have shown that the system is elliptic and hence the momentum con-

straints have a unique solution.

The Hamiltonian constraint. Finally we turn to the Hamiltonian con-

straint (.24) or (B40). This has the form (B41l) with
OH
o

i('r’s,m« +25, 4+ 7rs.,.)
+5¢482r5[%(U _ %TY)2 + iT2Y2 + i"{pH}
+%T2w862rs [9B£p2 + 132/J4€2TS<ET2 4 EZQ)} ) (553)
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All the terms in the square brackets are positive, and the terms in the first
line are oscillatory. Hence condition (-4 is not satisfied everywhere. We
conclude that quite possibly the Hamiltonian constraint (224]) does not have
a unique solution in general.

A few more remarks are about the Hamiltonian constraint are in order.

This equation is essentially the Yamabe equation
A+ K*P =0, (5.54)

where p = 5, K? is the square of the extrinsic curvature (which we assume
to be a smooth function), and we disregard the twist and matter here. If we

set u =1 — 1 and f(u) = K*(1 + u)?, equation (554 can be written as
—Au = f(u), (5.55)
and we consider the boundary conditions
ulan =0. (5.56)

By a theorem in Evans [62, sec. 8.5.2] based on the Mountain Pass Theorem,
the boundary value problem (EREHEDEA) has at least one weak solution u # 0
provided that

l<p< (5.57)
n

_ 97
where n is the spatial dimension. In our case (n = 2), p is not restricted
from above and we deduce that a solution to the Hamiltonian constraint
does exist. (Note that in n = 3 dimensions, p = 5 is the critical case and the
theorem is not applicable.)

However, nothing is being said about the uniqueness of the solution. In
fact, our argument above indicates that the Hamiltonian constraint might

not be linearization stable. We can improve on this by applying York’s [144]
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conformal rescaling procedure: let us redefine the extrinsic curvature K by
setting
K=9"K . (5.58)

Then (ER4) reads (with p = 5)
A+ K252 =0, (5.59)
the linearization of which is
A& + (5 — 2q) K202 = f . (5.60)

If we choose ¢ > 5/2 then our analysis above shows that the modified Hamil-
tonian constraint (Lh9) is linearization stable. York applies this trick only
at the initial time in order to set up a well-posed elliptic problem for the
initial data. However, we want to solve the Hamiltonian constraint at each
time step, which means that we have to evolve K instead of K. We have
implemented this but unfortunately the numerical evolutions quickly became
unstable. A somewhat heuristic explanation for this might lie in the fact that
a rescaling of the extrinsic curvature is also applied in the BSSN system [16

which is known to be much more stable than the standard ADM system.h
It turns out that our choice of extrinsic curvature K corresponds precisely
to the BSSN variables, whereas the rescaled K corresponds to the ADM

variables, with ¢ = 4.

Summary. We have indicated that the Hamiltonian constraint and the
version of the slicing condition that is used in the constrained evolution

scheme might not have a unique solution in general. In contrast, all the

30n the other hand, some formulations such as NOR [I{I3] appear to be stable without

conformal rescalings.
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elliptic equations of the free evolution scheme and the partially constrained

scheme are well-posed.

5.5.2 Numerical considerations

There is a close connection between the above analytical results and the nu-
merical solvability of the elliptic equations under discussion using the Multi-
grid method. The Newton-Gauss-Seidel relaxation employed in that method
effectively linearizes the elliptic equation so that it suffices to deal with a lin-

ear model problem here. For simplicity, we consider the Helmholtz equation

Upp + U +cu=f. (5.61)

This equation is discretized as
o (Uit Wimaj + Wi + i1 — dugg) + cijug = fiy (5.62)

As explained in section 3, the Gauss-Seidel relaxation converges if the ma-
trix on the left-hand-side of (E.62)) is diagonal dominant. The (absolute values
of the) off-diagonal terms in (B62) add up to 4h~2 and the diagonal term is
—4h™? + ¢;;. Hence the matrix is diagonal dominant if and only if ¢;; < 0,
which is again condition (B4H). (If first-order derivatives are included in
(B6T)) or if the principal part is not the Laplace operator, this condition may
not be sufficient to guarantee diagonal dominance.)

In practice, the relaxation still converges if ¢ > 0 and c is sufficiently
small. For larger and larger positive ¢, however, the relaxation first stalls and
ultimately diverges. The failure of Multigrid for such indefinite Helmholtz
equations has been reported many times in the literature (e.g., [29]). Cures of

the problem usually involve some kind of conjugate gradient or other Krylov
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subspace iterations, which are very slow as compared with standard Multigrid
(e.g., [A7]; see also section ELZZ).

We conclude that the Multigrid method is suitable for solving all the equa-
tions that occur in the free evolution scheme and the partially constrained
scheme but that it might fail for the Hamiltonian constraint and the slic-
ing condition used in the constrained scheme. This is indeed what we have
observed when trying to evolve strong Brill waves (section B.7)) with the con-
strained scheme. Similar observations have been reported by Choptuik et al.
[T1] and Barnes [I4]. The former try to avoid the problem by evolving the
conformal factor ¢ using its evolution equation (B28) instead of solving the
Hamiltonian constraint for it. However, they find that their Multigrid solver
still fails for strong Brill waves. A likely explanation for this is the argument

given above for the slicing condition.

5.6 FEvolution of the constraints

We have seen how in the (241)+1 formalism (as in all ADM-like formalisms),
the Einstein equations split into elliptic constraint equations and hyperbolic
evolution equations. Analytically, the constraints are preserved by the evolu-
tion equations. However, if in a numerical evolution the constraints are only
solved initially, they might get violated during the evolution due to numerical
errors. Catastrophic growth of the constraints in free evolution schemes is
a very common plague in numerical relativity and to-date one of the major
limitations to the runtime of simulations.

In this section, we take a closer look at the evolution of the constraints
and assess the schemes presented in section B4l with regard to their stability

against constraint violations.
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Suppose first we adopt the free evolution scheme (section BZT]). The
constraints (EZAHRZT) are found to obey the following evolution equations:

~

8:C ~ —p30,C—p39.C—tay(0,C +0.C,), (5.63)
0iCr ~ —B9,C, — F70.C, + darp Pe ?%(9,C + a0, S), (5.64)
0C., ~ —F79,C, — 370.C. — dap 2 ¥%0.C, (5.65)
0,C, ~ —30,C,— [9.C,. (5.66)

Here S is the slicing condition (219), and ~ denotes equality to principal
parts. The terms we have left out are all linear and homogeneous in the
constraints and the gauge conditions, so that the constraints are indeed con-
served (equations (BL63HD.60) are satisfied if all the constraints and gauge
conditions vanish at all times).

We enforce the slicing condition during the numerical evolution, i.e., we
may set S=0in (B64)). Then the constraint evolution system can be written
in closed form as

oc = A*9,c+ Be, (5.67)

A~

where ¢ = ((f, C..C., (io)T and the matrices A4 are given by

-5 =layp 0 0
o 4a¢f5ef2rs _ﬁr 0 0 | (5.68>
0 0 6" 0
0 0 0 =p
—3* 0 —iayp 0
0 -3 0 0

AZ

(5.69)
—4(177075672” 0 _ﬁz 0
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The matrix A” has complex eigenvalues —3" +ia1)~2e~"* whereas A* has real
eigenvalues — 3% 4= ap~2e"*. This means that A" is not real diagonalizable,
and so the system is not hyperbolic (see section for a precise definition
of hyperbolicity and its implications). Hence the initial value problem (IVP)
for the constraint evolution system is ill-posed, and small violations of the
constraints may grow without bound.

The reason for the lack of hyperbolicity lies in the slicing condition (B3)).
Recall that when we derived it, we added a multiple of the Hamiltonian

constraint. If we undo this and replace
S—8=8+8w'C (5.70)

then the evolution equation for the r-momentum constraint (B.64]) becomes

A

0:C, ~ —370,C, — 3°0.C, — darp 2 ¥*(0,C — ta 1 0, S") . (5.71)

Hence
—p3" —tay 0 0
—4anp~Pe72s " 0 0
A" = ¥ b , (5.72)
0 0 —6" 0
0 0 0o -4

which has real eigenvalues —3" & ap~2e™" and so the system is hyperbolic
and the IVP is well-posed. However, the modified slicing condition (| can
easily become indefinite, depending on the sign of C. Indeed, the Multigrid
method turns out to fail for the modified slicing condition even for relatively
weak perturbations of flat space.

Fortunately there is a way out: suppose we enforce the momentum con-
straints by using either the constrained scheme (section B-Z2) or the partially
constrained scheme (section A3)). Then the offending equation (E64) is dis-

carded and the remaining system is clearly hyperbolic.
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We have thus given a strong argument for solving the momentum con-
straints if a maximal slicing condition is used that is manipulated by adding
a multiple of the Hamiltonian constraint. Together with the results of section
B0 we conclude that the partially constrained scheme is the only one of
the schemes presented in section .4l that may be suitable for the numerical
evolution of strong gravitational waves.

One should remark that hyperbolicity of the constraint evolution system
is not sufficient to rule out growth of the constraints. Depending on the
matrix B in (L61), there could well be exponentially growing solutions. One
could try to adjust B by adding suitable multiples of the constraints to
the main evolution equations, as done, for example, in [T43]. We have not
investigated this possibility because the constraints appear to be bounded in

our numerical evolutions (section B.1).

5.7 Numerical evolutions of generalized Brill
waves

In this section we present some numerical results on the evolution of time-
symmetric axisymmetric gravitational waves in vacuum, also known as Brill

waves [32]. As a new ingredient, we include a nonzero twist.

5.7.1 Initial data

The initial time ¢t = 0 is chosen to be a moment of time symmetry, i.e., under

the coordinate transformation t — t' = —t the metric transforms as

9ap(t) = Gap(—1) . (5.73)
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This implies that the spatial metric is an even function of ¢ and so the
extrinsic curvature (the time derivative of the spatial metric) vanishes at
t=0:

Y=U=X=0. (5.74)

From definition (B6]) we infer that the spatial components of the twist vector
are odd functions of time and the time component is even. Now definition

(B-A7) implies that
E =E=0 (5.75)

at t = 0. The initial data for the variables s and B¥ is taken to be
s=A,re” 7 B? = Agrze "% (5.76)

with constant amplitudes A; and Ag. The Hamiltonian constraint (E224)) is
then solved for the conformal factor . For this initial data the momentum
constraints (2ZBHR20) and the Geroch constraint (B27) are automatically
satisfied, and the unique solution of the gauge conditions (E19, B2Z2HEZT) is

a=1, [ =F=0. (5.77)

In Brill’s original work [32] and in all subsequent studies we know of, the
twist was assumed to vanish. However, we would like to stress that a nonzero
B¥ is consistent with time symmetry so that the term generalized Brill waves

is justified for the problem considered here.

5.7.2 Boundary conditions

On the axis r = 0, we enforce the appropriate Dirichlet or Neumann con-
ditions as stated in table Bl Since our initial data is reflection-symmetric

about the z = 0 plane and the evolution equations preserve that symmetry,
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«, 6r7§7 ID’ S, Y7 U7 Xa B_KP’ ET7E_27
PH, O, JSO’ JT7£7 7:7 ST?&) ZT’Z_Z’ Srraia SZZ

Table 5.2:  z-parity of the variables of the hyperbolic-elliptic system if reflection sym-
metry is assumed. Underlined variables are odd functions of z, the remaining ones are

evel.

we can save computational time by only evolving the upper half of the (r, z)
plane. Reflection symmetry means that under the coordinate transformation

z — 2/ = —z the metric transforms as

9ap(2) = gap(—2). (5.78)

This implies that the variables we evolve are either odd or even functions of

z. For an odd variable u, we impose a Dirichlet condition

ul.—o =0, (5.79)
and for an even variable u, a Neumann condition

d.ul.=0 =0 (5.80)

is needed. The z-parity of all the variables we evolve is summarized in table
W

Throughout this thesis we focus on asymptotically flat spacetimes. We
therefore assume a fall-off of all the variables like

C
Uy + = 5.81
u=u +R ( )

for large R = v/r2 + 22, where u,, is the flat-space value of the variable u

and c is independent of R. This implies that

0=0r[R(U — Uso)] = U — Uoo +TU, + 2U ;. (5.82)
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We use this as a boundary condition at r = r., and z = 2z, for the elliptic
equations, i.e., for the variables «, 6", 3% and initially 1.
The remaining variables are evolved by hyperbolic evolution equations,

and for them we impose an outgoing wave or Sommerfeld condition

U= Uy + @ : (5.83)

which we rewrite as
0= (0r+0)[R(u—tUs)] =U—Uoo +TU, + 2u, + Ruy. (5.84)

These boundary conditions appear to work well in practice, although they
are a rather crude choice which is not fully justified theoretically. We refer
the reader to chapter §, where outer boundary conditions are discussed at

length for a completely hyperbolic formulation of Einstein’s equations.

5.7.3 Numerical method

The equations are discretized using second-order accurate centred finite dif-
ferencing (section EII) on a single uniform cell-centred grid. Unlike Garfinkle
and Duncan [62], we do not compactify the spatial coordinates, for fear that
we might fail to resolve the waves as they travel out to infinity.

For the time integration, we use the method of lines with the third-order
Runge-Kutta scheme (B238b). The second-order Runge-Kutta schemes (E31)
and the three-step iterative Crank-Nicholson method (EAOHEZA) were also
tried but were found to be substantially less stable in strong Brill wave evolu-
tions. In particular, the simulations with those schemes suffered from an un-
bounded growth of the constraint residuals. The fourth-order Runge-Kutta
scheme (EE39)) gave results comparable to the third-order one but is compu-
tationally more expensive. The Courant number is taken to be At/h = 0.5

in all the evolutions presented here.
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Fourth-order Kreiss-Oliger dissipation (E64)) with amplitude ep = 0.5
is added to the right-hand-side of the evolution equations. We found that
without dissipation, a high-frequency instability occurred at very late times,
in particular close to the boundaries.

The boundary conditions are implemented via the method of ghost cells
as explained in section EET3

We adopt the partially constrained evolution scheme (section BZ43]), for
the reasons discussed in the previous two sections. The elliptic equations are
solved using the Multigrid method (section E3)) with red-black Gauss-Seidel
relaxation. The FAS version of the method is used (although the equations
are linear and so linear Multigrid would work just as well). Typically five

W-cycles are needed to drive the residual well below the discretization error.

5.7.4 Weak Brill waves with twist

We first consider Brill waves with an amplitude Ay = 1, which is well in the
subcritical régime. To study the influence of the twist, we perform simula-
tions with three different amplitudes Ag = 0,2, 4. The resolution is taken to
be 128 points in both the r and the z direction and the outer boundaries are
placed at 7. = Zmax = 10.

Figure Bl shows the lapse function at the origin r = z = 0 as a function
of time. When a high-curvature region of spacetime is approached, we expect
the lapse function to collapse because the (maximal) slices try to avoid that
region and pile up. Because the minimum of the lapse is always found to
lie in the origin, the value of the lapse there serves as a good “curvature
indicator”.

We see that the lapse performs a few damped oscillations and eventually

returns to its flat-space value. The amplitude of the extrema is found to
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Figure 5.1: Inag (logarithm of the lapse function at the origin) as a function of time for
a Brill wave with amplitude As = 1 and three different amplitudes of the twist: Ag = 0
(solid line), 2 (dashed line) and 4 (dotted line)

increase with increasing Apg, while the extrema occur almost at the same
times.

To check the accuracy of our code, we perform a convergence test: figure
shows the L? normH of the constraint residuals as a function of time for
two different resolutions (here the amplitude of B¥ is taken to be Ag = 2).
Because the finite-differencing we use is second-order accurate, the residual of
the constraints should decrease by a factor of four as the resolution is doubled.
The numerical results indicate that we do not quite achieve second-order
convergence (the decrease lies between a factor of 2 and 3). This is probably
due to reflections caused by the imperfect outer boundary conditions, which

do not appear to converge away with increasing resolution.

4see equation (ZINX) for a definition of the discrete L? norm
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Figure 5.2: L2 norm of the constraint residuals as a function of time for a Brill wave
with amplitudes A; =1 and Ap = 2 and two different resolutions: 64 points (solid lines)

and 128 points (dashed lines)

5.7.5 Strong Brill waves

Next we turn to strong Brill waves with amplitudes A, 2 4. Thanks to the
modified evolution scheme we use (section B.43]), we are able to evolve much
stronger Brill waves than with the constrained scheme (section B2 used by
both Choptuik et al. [41] and Barnes [I4]. The constrained scheme failed for
amplitudes A, 2 3 due to a breakdown of the Multigrid solver, as explained
in section 2. We also found that the free evolution scheme (section BEZT])

suffered from an unbounded growth of the constraints particularly for strong
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Figure 5.3: Inag (logarithm of the lapse function at the origin) as a function of time
for non-twisting Brill waves with amplitudes A5 = 4 (solid line), 5 (dashed line), 6 (dotted
line) and 7 (dot-dashed line)

Brill wave evolutions, as predicted in section B.6l

Figure shows again the lapse function at the origin as a function of
time for four different values of the amplitude A,. In order to compare our
results with those of Garfinkle and Duncan [62], we choose the twist to vanish
here. As A, is increased, the oscillations of the lapse become larger and larger
and their frequency decreases. For A, > 6, the lapse function continues to

collapse and the formation of a black hole is expected. The interval
b < Al <6 (5.85)

for the critical amplitude is in agreement with [62].
To get some idea of what happens at the “phase transition”, we show a

few snapshots of the variable s for a slightly subcritical evolution (A = 4,
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figure B4l) and a slightly supercritical one (A; = 6, figure BH). While we
see an outgoing wave form in the subcritical evolution, the marginally super-
critical solution contracts rather than disperses. The A, = 6 run crashed at
t = 6 because the resolution was insufficient to resolve the small and highly
dynamical features close to the origin.

Critical collapse thus poses a major computational problem: more and
more resolution is needed close to the origin as one approaches the critical
point. At the same time, the solution is very smooth further away from the
origin, so it would be a waste of computational resources to have a high
resolution across the entire grid. This is a classic case for adaptive mesh
refinement (AMR) (section ELH): we would like to add resolution only in
regions where and when it is needed. We have not implemented AMR for
mixed hyperbolic-elliptic systems yet but will use it in chapter @l for the
completely hyperbolic system derived in the following chapter.

5.8 Conclusions

This is a good place to draw some preliminary conclusions before we move
on to the second part of the thesis.

In this chapter, we considered a mixed hyperbolic-elliptic system that
involved solving elliptic gauge conditions as well as (some or all) constraint
equations. Two major problems with such systems were indicated, which we
expect to be fairly generic in many formulations of the Einstein equations
used in numerical relativity.

Firstly, it is not always clear whether the elliptic equations one tries
to solve have unique solutions. In particular, the Hamiltonian constraint

in the form used here is problematic. Suppose that one attempts to solve
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Figure 5.4: Snapshots of the variable s for a subcritical Brill wave with amplitude
Ags = 4. The resolution is 128 points in each dimension and the outer boundaries are
placed at rmax = Zmax = 5. In all plots of this thesis, the axis r = 0 is the bottom left

boundary.
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Figure 5.5: Snapshots of the variable s for a supercritical Brill wave with amplitude

As = 6. Same parameters as in figure .41
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this constraint during the evolution. Even if the numerical solver finds a
solution, that solution could be non-unique. It could be a solution that is not
compatible with the evolution equation (228]) that the conformal factor must
also obey. Therefore it is not sufficient to enforce the Hamiltonian constraint
alone — one must also check the residual of the evolution equation. Because
the Multigrid method we use is unsuitable for the Hamiltonian constraint,
we decided to evolve the conformal factor freely and monitor the constraint
residual instead.

Secondly, we saw that if one uses free evolution (none of the constraints
are solved), the constraint evolution system can become ill-posed if the max-
imal slicing condition is simplified by adding a multiple of the Hamiltonian
constraint, as usually done in the literature. To cure this problem, we pro-
posed a modified evolution scheme which solves the momentum constraints
but not the Hamiltonian constraint and which has a well-posed constraint
evolution system.

With our modified evolution system we were able to evolve both weak and
strong Brill waves. We included a nonzero twist, which to our knowledge is
the first time this has been done. The existence of a critical amplitude that
separates dispersal of the waves from black hole formation was indicated. At
present, we cannot study the critical behaviour more closely because we run
out of resolution to resolve the features that occur near the origin on smaller
and smaller scales. Adaptive mesh refinement would be needed to tackle this
problem in a computationally efficient way.

We decided not to continue to work on this formulation for the time
being for a variety of reasons: well-posedness of the initial boundary value
problem is difficult to prove for mixed hyperbolic-elliptic systems, it is not

clear what the characteristics of the system are because part of the dynamics
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resides in the variables that are solved for using elliptic equations, and the
outer boundary conditions are ill-understood. All these questions will be
addressed in the second part of this thesis for a strongly hyperbolic reduction

of Einstein’s equations in axisymmetric spacetimes.



Chapter 6
The Z(24+1)+1 system

Whereas in chapter Bl we considered a mixed hyperbolic-elliptic system, we
construct in this chapter a completely hyperbolic formulation of the Einstein
equations for axisymmetric spacetimes. In contrast to elliptic systems, hy-
perbolic systems of equations have the property that information propagates
with finite speed along the characteristics. This makes them amenable to
mathematical analysis more easily than mixed hyperbolic-elliptic systems in
which because of the elliptic sector the solution at a given point depends
on the solution in the entire spatial domain. In particular, one can use the
characteristic structure to set up boundary conditions at the outer boundary
of the computational domain. For certain types of hyperbolic systems and
boundary conditions, theorems exist that guarantee the well-posedness of the
initial boundary value problem (IBVP). By well-posedness we broadly mean
that a unique solution exists at least for some finite time and that it depends
continuously on the initial and boundary data.

There are many ways of obtaining hyperbolic formulations of the Einstein
equations. Most approaches are based on the ADM decomposition outlined in

section Unfortunately, without further modifications the ADM system is

107
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only weakly hyperbolic and thus does not have a well-posed IBVP (e.g., [87]).
Strongly hyperbolic systems can be obtained by adding certain multiples of
the constraints to the evolution equations. Among the variety of such systems
are the ones of Frittelli and Reula [59] and Kidder, Scheel and Teukolsky
[87]. Whereas those authors assume an arbitrary but fixed gauge, dynamical
gauge conditions were incorporated later (e.g., Lindblom and Scheel [08]). A
particularly simple and beautiful way of producing the required constraint
additions “automatically” is a covariant extension of the Einstein equations
first introduced by Bona et al. [23] called the Z/ system. That formulation
has the additional advantage of a simpler constraint structure, as we shall
see in the following.

This chapter is mainly based on Rinne & Stewart [T19]. We apply the Z4
extension to the (241)+1 formalism presented in chapter Bl (section G1I). The
evolution system is completed by dynamical gauge conditions that generalize
harmonic gauge (section [.2). We cast the system in first-order form (section
E3) and analyze its hyperbolicity (section [E4). The characteristic variables
and speeds are worked out explicitly. Particular emphasis is placed on the
treatment of the coordinate singularity on the axis (section [BH). By a judi-
cious choice of new dependent variables we can write our first-order strongly
hyperbolic system in a form where each and every term is manifestly regular
on axis. Some exact solutions are used to check the equations using a pro-
gramme written in the computer algebra language REDUCE (section [E.0).
This programme was also used to generate functions written in C for the

numerical evolution.
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6.1 The Z4 extension of the (2+1)+1 formal-
ism

Bona et al. [23] suggested adding a covariant term V(,Zg) to the Einstein
equations,

Rag + 2V aZg) = £ (Top — 3T ap) - (6.1)

Clearly this reduces to the Einstein equations if and only if Z, = O.H For the

extended equations to be axisymmetric, Z, has to share the axisymmetry,
LeZy=0. (6.2)

We would now like to apply the (2+1)+1 formalism directly to (E1I)
rather than to the original Einstein equations. To do this, it is convenient to

rewrite (E.1]) as Einstein’s equations
Ga,@ = KTQB (63)

with a modified energy-momentum tensor

Top = Top = 7 (ViaZp) = 3906V 27) - (6.4)
We then compute the (2+1)+41 matter variables corresponding to (64 and
insert them into the (24+1)+1 equations (B:h0HE5HY).
First, we decompose Z, with respect to the Killing vector £* (Geroch
decomposition),

Za = Za + gaZLp > (65)

where we have defined

Zy = hoZs (6.6)

IStrictly speaking, it is sufficient if Z, is Killing, but from a numerical point of view

that is a very special case.
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and
79 =\"%7,. (6.7)
The projections of
Xap = V(aZp) (6.8)
are found to be
Xee = MoZ°, (6.9)
Xew = SeaweZPw+iN22Z9%,, (6.10)
Xo = DuZy. (6.11)

Using this, we can easily compute the modified matter variables (BI6) cor-

responding to (G4,

Fo= 71—k NN Z" = D, ZY (6.12)
Fo = Ta— K TN e 2w+ Z% ) (6.13)
Tab = Tao— K [2D@Zy) — (N'AZE + DeZha) - (6.14)

Here and in the following, we leave out the hat in Z, (there should be no
ambiguity because it carries a Latin index).

Next, we decompose Z, with respect to the timelike normal n, (ADM

decomposition),
Zo = Zo+n40, (6.15)
where we have defined
0=-n"Z, (6.16)
and
Z,=H,"Z,. (6.17)

The projections of

Xop = D(uZ) (6.18)
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Xon = —alauZt—L.0, (6.19)
Xoa = £ 2+ XapZ® + ta7laul — 104, (6.20)
XAB = d(AZB) _XABQ- (6.21)

Further identities we need are

NZ% = MaZA = AK %0, (6.22)
e 2w’ = NEAZL, (6.23)
H peape Z°w® = NB¥eypZ® — N3EL0, (6.24)

where the definitions of K, (840), £ (847) and B¥ (848) have been used.
The modified (2+1)+1 matter variables (B:4d) are then computed as

TR [L0+ ZYNa+ (Aa— La)Z% + (K2 — X)0] , (6.25)
Sa+ k™ [=Z% A+ BPeapZ® + Eab)] (6.26)
J? + Kk [L,Z9 + EYZ4] (6.27)
Sap + K[ = 2Z) + 2xap0 + Hap { L0+ Z°c

+(Ac + Le)ZC = (x + K,7)0} ], (6.28)
Ja+ kLo Za— 04+ 2xapZ” + Anb] (6.29)

pr+ K [Ln0 — Z 4+ (Aa — La)Z4 + (x + K,7)0] (6.30)

where we again leave out the double hat in Za.

Inserting the modified matter variables into the (2+1)+1 equations, we

arrive at what we call the Z(2+1)+1 equations. The constraints (BL0HZ02)

are turned into

L,0
L2
L,Z%

evolution equations for the Z vector,

= C+(N " Ma—ataa)Zh+ ZNu — (x + K90, (6.31)
= Ca—2xapZ"% —a a0+ 0.4, (6.32)
= C,—FZ,. (6.33)
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We see from (B3THE33)) that if the Z vector vanishes at all times, then C,Cy4
and C, also vanish at all times. In this sense, the original constraints C =
Ca = C, = 0, which involve derivatives of the metric and extrinsic curvature,
are replaced with the purely algebraic constraints § = Z4 = Z¥ = 0.

The evolution equations are modified in the following way:

‘CnXAB = +QZ(AHB) _QXAB‘97 (634)
LK% = . 420,74 —2K,%0, (6.35)
L,EY = .. +272°4 - 2B - 2B%*P 75, (6.36)

where ... denote the right-hand-sides of (BAhf), (Bd) and (BES), respec-
tively. The remaining evolution equations are unchanged. Thus terms ho-
mogeneous in the constraints are added to the evolution equations, a feature
common to many hyperbolic reductions of the Einstein equations. Here it

occurs in a completely natural way — there is no need to add the constraints

“by hand”.

6.2 Dynamical gauge conditions

To complete our evolution formalism, we need to prescribe the gauge variables
a and 34. Since we are aiming for a completely hyperbolic system, we would
like to impose a hyperbolic gauge condition as well. The prototype of such a
condition is harmonic gauge, which can be derived as follows. The principal

part of the Einstein equations can be written as [44] 53]
_gvégaﬁ,wé + 2003 =0, (6.37)
where we have defined

Ty =To, = gasg” T, (6.38)
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and ~ denotes equality to principal parts. If we now adopt the harmonic
gauge condition

VWpe s=—-T*=0, 6.39
9 oy

where the coordinates = are to be treated as scalar fields, the Einstein

equations reduce to a wave equation for the metric,

975904,8,75 ~0. (640)

This system of PDEs is clearly symmetric hyperbolic (section [E4l), a property
used by Bruhat [34] in the first well-posedness theorem for the initial-value
problem of the Einstein equations.

The principal part of the Z4-Einstein equations (B1I) takes the form
~9"9ap s + 20 (ap) + 4 Z(ap) = 0. (6.41)
In order to retain (E40), we have to replace (E39) with
g s = -1 =22, (6.42)

This condition can be translated into (2+1)+1 language by going through
the Geroch and ADM decompositions as in chapter We arrive at the

following evolution equations for the lapse and shift:

dio = —aP(x+ K% —20), (6.43)
9,64 = —a*(0*In(aAVH) + dgHP — 224, (6.44)

where here and in the following we set

615 = 8t — BBaB . (645)
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Bona et al. [24, 27] have generalized (the 341 analogue of) these condi-

tions by inserting some free constant parameters f,m, u,d and a,

i = —a®[f(x + K, —mb)], (6.46)
304 = —a [QM (aA In(A\WH) + Loz HAP — ZA)
—dd* n(A\WH) + ad* In oz] . (6.47)

Clearly, we recover the original harmonic gauge conditions (G43HG.Z4) if we
set f=p=d=a=1and m=2.

For even more generality, one could add to the right-hand-side of (£.42)
an arbitrary gauge source function G*, which may depend on the coordinates
and the metric but not on its derivatives, so that the principal parts of the

Einstein equations are unaffected. Such a modification corresponds to adding

da = ...—a*GY,

0,84 = ... —a’GA (6.48)

in (646-6.41), where

GO = GO(anHABa)\aaaﬁA)v
G4 = GA2® Hap, )\ o, 4. (6.49)

Such gauge source functions were first introduced by Friedrich [57] and have
recently been applied to numerical relativity [61, [12]. Here we argue that
they are particularly important in the context of axisymmetry: notice that
the r-component of the right-hand-side of (E41) is singular on the axis be-
cause A = O(r) there and so 9"InA = O(r~!). One might hope that by
choosing the gauge source function G" appropriately, one might be able to
cancel the offending term. We will see in section that this is indeed

possible.
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As an alternative to (547), one could choose the shift vector to vanish,
=0, (6.50)

and this is the choice we made in [TT9]. More generally, one could set 54 to
some arbitrary but fixed functions.

In both cases, we apply the harmonic slicing condition (£46). Harmonic
slicing has been shown to have similar singularity avoidance properties as
maximal slicing [26]. It has been successfully used in stable evolutions of
black hole spacetimes [9]. Claims have been made [4] that for f # 1 in (E244),
coordinate pathologies might arise. Another reason for choosing f =1 is the

symmetric hyperbolicity of the system in the zero-shift case (section [6.4]).

6.3 First-order reduction

The Z(24+1)+1 equations (E3THE36, BSAHEHH BEJ), supplemented with
the dynamical gauge conditions (E46H6.4T), form a system of pure evolution

equations. They contain only first-order time derivatives but up to second-
order spatial derivatives. Whilst methods for analyzing the hyperbolicity of
such second-order systems have recently been developed (e.g., [T03, [7T], [72]),
the most straightforward way is to perform a reduction to a set of evolution
equations that are first-order in space and time.

To eliminate the second-order spatial derivatives, we introduce new vari-

ables for the first-order spatial derivatives of the metric and gauge:

Dapc = 304Hpc, (6.51)
Lia = MN1'oa), (6.52)
Ay = a 0,0, (6.53)

(6.54)

B,B = a7lo46°5.
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Evolution equations for these can be obtained from (B4HZI5HH) and (646
E17) by commuting space and time derivativeg,

8tDABC = %(@HAB),C ete. (655)

and noting that £, = a='(d; — Lz). Indices are raised and lowered with
the 2-metric Hup (formally, for Dypc and B 4P are not tensors). The two

independent traces of Dspc are denoted by
D'y = Dup”, D"y =Dp,.

A crucial step for obtaining a hyperbolic system is the reduction of the

Ricci tensor. We use the De Donder—Fock decomposition [44] 53]
@Rap = —D%ipc+2D" 4 p — D'\an
—2DcapD"C —Toap(2D"C — D'C) (6.56)
+4DcpaDP 5 = Tacpl'p°7,
where of course the Christoffel symbols are given by
Uapc = Doap + Dpca — Dagce- (6.57)
A different possibility would be the standard Ricci decomposition
@Rup =T%pc —T%pa+TPpcl%p —TpaTPep (6.58)

or linear combinations of the two [24], but only the choice (E58) leads to a
symmetric hyperbolic system for f =1 (section E4).
It is now straightforward to write the Z(2+1)+1 equations in conservation

form with sources,

u; + [ u+aF"(u)] , =aS(u). (6.59)

,D

2There is an ordering ambiguity for the second-order spatial derivatives on the right-
hand-side of the evolution equations for the first-order variables. We always use the

ordering that produces an advection term along the shift, equation (GR).
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Here, u is the vector of conserved variables,

u = (HABa )\7 «, ﬁAa DABC'a LA7 AA7 BABa XAB, Kgosoa EAa BSO)

0,74, 2°)" .
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(6.60)

(These variables do not have any physical interpretation as conserved quan-

tities such as mass, angular momentum etc.) F(u) are fluz vectors, whose

components are given by

fDHAB

FP,
f’D

]:DﬁA

D
F Dagc

64" (xBc — 2BB0)) »
§aP K7,

5ADf(X + K7 — mf)

%5AD [2M(LB +DIB o DIIB _ ZB) _ d(LB +DIB)

+aA”]

DP 45 — 6" (2D" ) + 2Zp) — D'y — L) — Ap)) (6.69

LD

(
(
(
(
(
(
(
(

6.75

We have separated the common advection term along the shift vector in
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(E39) from the fluxes. Because this is a diagonal term, it does not affect the
eigenvectors presented below in section (it merely shifts the eigenvalues).

S(u) is a source term containing no derivatives, apart from those of the
gauge source functions G and G, but because of (E49) those can be written

as first-order variables without derivatives. The sources are given by

Sty = —2XaB +4Buap) — 2Bp” Hag, (6.76)

S\ = —\K,®—-2Bp"]\, (6.77)

S, = —al|f(x+Ky,*—mb)+G°] —2Bp"a, (6.78)
Spa = —a[2u(L*+ D' — D" — Z4) —d(L* + D'

+aA* + G —2Bp” B, (6.79)

Spase = 2Ba”Dppc —2Bp”Dasc, (6.80)

Sp, = 2B,PAp —2BpPLy,, (6.81)

Sa, = 2BsPLp—G°4— AG® —2BpP AL, (6.82)

Sp,p = 2BA“Bc” —2Bp"Ba” + f(x + K¢ — mb) B4
_%AA [QM(LB + D'B — DB _ 7B)
—d(LP + D'P) + aA” +2G"] —1GP 4, (6.83)
Scas = A (=2D"p) D'y + L) — 2Zp))
—LaLp + Deap(AY —2D"°)
—FCAB(QZC 4+ opUC _ pl¢ _ ¢ _ AC)
+4DcpaDP g —Tacpl' 5P — 2BpPxan (6.84)
+2(2Ba% — x(a©)xB)c + xap(x + K2 — 20)
—1X2 [eacepp ECEP — Hap(EcEC — B¥?)]
—k [Sap + $Hap(py — Sc© —7)] |
Si,e = La(2Z4 — LA — D' + K, #(x + K¢ — 20)

©
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Spe
Sp

Sz,

Sz

—2Bp" K¢ — INY(ELE" + B#?) (6.85)
—sklpr — Sc + 1),

(4D"4 — 24" Z% + (x + 3K,¢ — 20)E4

—2Bg*E? —2B,PEA (6.86)
+e*BB(3Lp — 275 + D'g) — 254,

xB? + e*PE, D'y — 2B,” B? (6.87)
AA(DIA _pUAL A QZA>

(L + DIA)(ZA _ LA) _ %DIADIA

+DapcDAPC — 0 45T ABC — 2BRpP0 (6.88)
+35(% — xax*?) + XK,2 — (x + K,%)0

—1A(EAE* + B??) — kpy

2BA"Zp —2BpPZa + Aa(x + K% — 20)

—LaK,? + xap(D'"P + LP — 227 — AP) (6.89)
—Toapx?C — IN?BYespEP — kJa,

LEA(D 'y + 304 — 224 — Ag) — 2BpPZ¢ — kJ¢ . (6.90)

Note that Hap, A, @ and 34 have vanishing fluxes and thus trivially prop-

agate along the normal lines. The twist variables E4, B? and Z% form a de-

coupled subsystem on the level of principal parts (i.e., fluxes). In linearized

theory, it completely decouples because the twist variables enter the source

terms of the remaining equations only quadratically.
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6.4 Hyperbolicity

6.4.1 Generalities, well-posedness of the IVP

To investigate the hyperbolicity of the Z(2+41)+1 system, we pick a unit

covector p and define an orthogonal covector
A = EABMB, (691)
so that
papt = mamt =1, par =0.

Thus (4, 74) form an orthonormal basis for the tangent space of the slice

Y(t). Projection along p and 7 is denoted a
Vi=viu,, Vi=vin,. (6.92)

Consider the Jacobian matrix of the flux in the p-direction,

OF*

J = e

(6.93)

A vector r is a right eigenvector of J with eigenvalue or characteristic speed
A if
Jr = Ar. (6.94)

A vector 1is a left eigenvector if
JI = Al (6.95)

Note that JT has the same eigenvalues as .J. The characteristic variable |

corresponding to a left eigenvector 1 is defined to be [ = 17u.

3Here we use the opposite notation to [IT9] because later (chapter B), p will be the

normal (L) to the boundary and 7 will be parallel (||) to it.
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The system is said to be weakly hyperbolic if all the eigenvalues are real,
independently of the direction u. It is strongly hyperbolic if in addition there
exist complete sets of left and right eigenvectors (i.e., they span the space),
independently of . Finally, it is symmetric hyperbolic if J is symmetrizable
(i.e., there exists a symmetric positive-definite matrix H such that H.J is
symmetric) with a symmetrizer H that is independent of . Clearly, sym-
metric hyperbolicity implies strong hyperbolicity, which in turn implies weak
hyperbolicity, but not the other way around.

The significance of strongly hyperbolic systems as opposed to weakly hy-
perbolic ones is that at least for the case that the fluxes and sources are
linear and homogeneous in the unknowns u, they admit a well-posed Cauchy
or initial value problem (IVP) in the following sense [3, 129]: for every
initial data f € C*°(z4), u(0,z4) = f(2?), there exists a unique solution

u(t, z) € C*(t,2") such that
lu(t, )l < Ke™[[£()]] (6.96)

where the constants K and a are independent of f, and we are using L>
normﬂ. For nonlinear systems such as the one being considered in this
chapter, one can only hope for the estimate (G96) to hold for a finite time.
This is because in the nonlinear case, characteristics might cross to form
shocks (as is well-known in hydrodynamics) so that a regular solution exists
only for a finite time, or the nonlinear source terms might lead to an even
more severe blow-up.

The significance of symmetric hyperbolicity is that it implies the existence

4Technically, one requires the additional condition that the matrix of eigenvectors and

its inverse are uniformly bounded.



CHAPTER 6. THE Z(2+1)+1 SYSTEM 122

of a positive-definite energy (which has no physical meaning in general),
E(t) = / u'Hud’z >0, (6.97)
()

where H is the symmetrizer of the system. Suppose now that the slices 3(t)
have a timelike boundary 0. Consider a simple linear constant-coefficient
problem

u, = A%0,u. (6.98)

Using the fact that the matrices HA“ are symmetric, and Gauss’ theorem,

we have
0E(t) = / 2u” H A% 4 d2:1::/ Ox(u” HA%) d*z
5(t) 5(t)
= / u' HA udr, (6.99)
a%(t)

where A+ = A4, denotes the contraction of A with the normal y to the
boundary. If the boundary conditions are chosen such that the last integral
in (E39) is always non-positive, it follows that 0 < £(t) < £(0) for all ¢ > 0.
Such energy estimates are the key ingredient of well-posedness proofs for the

initial boundary value problem [TT5] [124].

6.4.2 The dynamical shift case

We first deal with the general case in which the dynamical shift condition
(EZD) is included.

The system is found to be strongly hyperbolic provided that f > 0, u > 0
and d > 0. The parameters m and a are generally unconstrained. However,

the following degenerate cases require more care:

e f=1: m=2is needed for strong hyperbolicity.

e d =1: Here we must also set p =1 and a = 1.
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e d=f: a=1is required.

For p € {1, f, d} without any further degeneracies, the remaining parameters
need not be adapted.

The characteristic speeds A and their multiplicities are

Ao =0 (7)
My =41  (2x6)
N=+VF (2x1) (6.100)
Mo=dym (2x1)
MNE=4Vd (2x1)

Note that because of the advection term and the factor of o in the fluxes in
(E5T), the actual characteristic speeds are —3+ + a\. For f <1, u < 1 and
d < 1, the characteristic speeds are all causal. If the equality holds, they are
all “physical” (i.e., either zero or equal to the speed of light).

The characteristic variables are given by

Normal modes (A =0):

along with the zeroth-order variables Hapg, A, o, 3+ and gl
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Light cone modes (A = £1):

i = K2 —xy+ 2By £ (L — Do), (6.108)
li, = E'¥B?, (6.109)
lis = 0—2By =Dy +Li— Dy~ 2Z1), (6.110)
Ly = K2 +x) =0+ Dy +2Z1), (6.111)
s = xu £ 5(A)+ Dyw = Dy + Ly = 2Z)), (6.112)
lig = BXF22°. (6.113)

Lapse cone modes (A = ++/f):

7 = A~ fa(Dyy+Li =Dy~ Z1)
£/ f [ + X+ P — (fer +2)0+2aBy] , (6.114)

where we have set
—2

f-1

For (f = 1,m = 2), the undefined expression ¢; is to be replaced with an

3

o (6.115)

arbitrary fixed constant (e.g., 0 for simplicity).

Transverse shift cone modes (A = £,/1):

Ly = aAy+2u(Ly+ Dyr — Doy — 7))

—d(Dyr+ Dy + Ly) £2¢/p(Byy + Bju) . (6.116)
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Longitudinal shift cone modes (A = +/d):

i = (fea+ 1) (xas + xpy + K9
+(f6263 + 204)(23”” — Q) — fmecof — 2(BLL + B””)
:E\/a [DJ_J_l+DlII||+LJ_+CQAJ_ (6117)

—(feacs +2¢4)(Ly + Doy — Dy — Z1)]

where we have set

a—1 m— 2 pw—1
= = — = —. 11
F—d’ = 4 (6.118)

&)

As stated above, if f = d then we must have a = 1, and ¢, is to be replaced
with an arbitrary constant. If d = 1, we also need m = 2 and ¢ = 1, and
both c3 and ¢4 are to be replaced with arbitrary constants.

The inverse transformation from characteristic to conserved variables is

given by

DLLL = %(fclcg, —+ 204)(“’:3 — li3) — %(li?, - li3 + li’:4 — li4)

—zea(lf +17) + 503 =13, (6.119)

Dy = Fhls+ “2—_,;1(10,1 + 2003+ loa) + 515 — 175)
U+ 1), (6.120)
Dy = Y=l +l+ s — s+ — 1), (6.121)
Dyje = loa, (6.122)
Dyjr = oz, (6.123)
Dy = los (6.124)
Li o= (=l + 1 =l + 1 =), (6.125)
Ly = loaz+loa, (6.126)
A = (I +1) +3falf; =), (6.127)
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A = logs, (6.128)
B = —;(5+1)+ ﬁ(f@ + 1)l = 15) + (m = Dloz
— [fer(es = 1) +2(ea = 1) (15 + 113) (6.129)
By = a0 =) —los, (6.130)
By = lg, (6.131)
By = lor, (6.132)
Xt = g(fa+2)(f;+15) + 2\/— (G =17)
— (s + s+ 1, +10,) +2(m — Doy, (6.133)
xu = 35 +1s), (6.134)
X = (- =l s+ s+ 1T, + 1) + 2, (6.135)
K2 = (I + 5+ s+ s+, + 1), (6.136)
EY = i+ 15, (6.137)
El = L1, +1,), (6.138)
BY = ;(l1 o= lia), (6.139)
0 = $(If5+13) + 27, (6.140)
Z, = (I, —1,) —loa, (6.141)
Zy = 3(log+loa+los) — 315 —1is), (6.142)
79 = —1(lfg—1ig) (6.143)
where in addition we have defined
o5 = Z: 1 . (6.144)

Unfortunately, the system with a dynamical shift is never symmetric hy-
perbolic, not even for harmonic gauge (f =d = p =a =1, m = 2). This
is because the antisymmetric part of Bap does not enter the fluxes (only

the symmetric part appears in the flux of Dapc, equation (G6H)). How-
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ever, Biap itself has a nonzero flux (E68). Hence a direction-independent

symmetrizer does not exist.

6.4.3 The vanishing shift case

Next, we deal with the choice 54 = 0 for the shift vector. This is the case we
considered in [T 19]H. The following analysis would be unchanged if we chose
34 to be some nonzero fixed vector (except that the eigenvalues would be
shifted by A — X\ — a~134).

The system is found to be strongly hyperbolic for all f > 0. The pa-
rameter m is unconstrained, expect for f = 1, in which case we need m = 2
in order to maintain strong hyperbolicity (and hence we recover harmonic
slicing (643)) .

The characteristic speeds and multiplicities are

Ao =0 (7)
M =41 (2x6) (6.145)
N=+VF (2x1)

The characteristic variables can readily be obtained from the dynamical

shift case with the following modifications:

e Replace the normal modes [ and [y 7 with

log = fm(Dyy+ Ly — Dy —Z1)

—f(Diai + Dy + L)+ AL, (6.146)
lor = fm(DyiL+Ly—Diy—2)
(

— (D + Dy + Ly) + A4y (6.147)

>The definitions of the characteristic variables in [IT9] differ from those presented here

in the ordering and by linear combinations.
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Here we see very clearly how even though two normal modes (B
and Bj) are lost, the system manages to remain strongly hyperbolic

because two new normal modes appear.
gt +
e Set B”” =0in ll,l and lf'

e (learly, there are no transverse and longitudinal shift modes in this

case.

The inverse transformation is obtained from the dynamical shift case by

making the following changes:

e Replace the expressions for D, | and D with

Dy, = —%lo,@‘ +3(fa + 2)(lf5 = 173)

—5 (s =L+ g — 1) + 55 (IF+1;), (6.148)

DLLH = _fLmZOJ + (73;2) (l071 + 2[073 -+ l074)
e Dlos + 55 — 15 - (6.149)

e Discard the equations for B, |, By, By and By.
e Set lp7 = 0 in the expressions for x 1, x|, £,¥ and 0.

The case (f = 1, m = 2) corresponding to harmonic slicing is special in
that it is the only choice of parameters for which the system is symmetric

hyperbolic. An explicit expression for a positive definite energy is
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E = xapx*® + rcapX?

(K2 + x — 20)% + A, A4
+Vu VA (6.150)
+K, 2% + LaL?

+ELEA + B? 4 47%%
where

Vi = AA+DIA+LA—2DIIA—QZA,

ANup = DYip+0aVa. (6.151)

When computing the principal part of 0,€, the terms in each individual line

of (EIh0) combine to form a total divergence as in (E.99).

6.5 Regularity on axis

The Z(2+1)+1 equations presented so far in section turn out to be sin-
gular on the axis » = 0 and are thus unsuitable for numerical simulations.
For instance, the term L, = A™!'\ . appearing several times in the fluxes and
sources is O(r~!) for small r because A = O(r). We will see in this section
how the regularity conditions for axisymmetric tensor fields (chapter B) can

be used to write the equations in a manifestly regular form.

6.5.1 The main regularization procedure

Let us first deal with one of the regularity conditions for 2-tensors Mz, which

follows from (Z24),

MWP 2
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near the axis. For the metric g,s this implies

N e 404, (6.153)
r2Hy 12y,

We enforce this condition by replacing A with a new variable s defined by

A=re”\/H,,, (6.154)

where s = O(r) near the axis. Also, the logarithmic derivatives L4 of A
(E52)) are replaced by the ordinary partial derivatives s4 of s. To satisfy the
corresponding regularity condition for the extrinsic curvature, we introduce

a new variable Y via

K¢ = jf] try (6.155)

rr

(note that K,, = A*K,?) with Y = O(r) on axis. Similary for the energy-

momentum tensor, we set

rr

HT'T‘

+r7, (6.156)

T =

where 7 = O(r) on axis. We remark that the definitions of the variables s,
Y and 7 can be viewed as generalizations of those in section B2

The second step of the regularization procedure is concerned with the
first r-derivatives of those variables u that are O(r) on the axis. Consider
the combination

(r~ ), =rtu, —r2u. (6.157)

While each term on the right-hand-side is singular on the axis, the left-hand-
side shows that their difference is perfectly regular (it is O(r) on the axis). If
we evolve the variables u and w, separately in a numerical code, this subtle
relationship will fail to hold because of numerical errors, and the right-hand-

side of (GIR7) will blow up on the axis. Such combinations do occur in the
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equations and so it is essential to address this problem. We enforce regularity

of (EIR7) by evolving instead of u, the variable
i, = (rtu),. (6.158)

This implies the following redefinitions:

DT’T’Z - DT’T’Z = %(TﬁlHTZ),T' - TﬁlDTTZ - %T72H7’Z7
B" — Br=iat(r7pn), =B, — a7l 28, (6.159)
sy — S,=(rls), =rts, —r%s.

6.5.2 Choice of gauge source functions

As pointed out in section [6.2, the right-hand-side of the evolution equations
for the shift vector (6.47) is singular on the axis, unless the gauge source
functions G* in (648) are chosen appropriately. The offending term in (G47)
is

(2u —d)o*In X = (2u —d)L*. (6.160)

In terms of regularized variables,
La=78a+ Dapr +64"(s+77"). (6.161)

We can cancel the irregular term by subtracting r~! from L,. This corre-
sponds to setting

G"=—-2u—d)yr 'H™ (6.162)
in (£4]). For the remaining gauge source functions we choose
G'=G*=0. (6.163)

Different choices of gauge source functions are of course possible. The one

presented here is minimal in the sense that it precisely cancels the singular
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r 0z
Hrr; Hr27 szaﬁa 0575_7 ﬁ )

- ~ DT z r z
DrrraDrrzaDrzzaDzrraDzrzaDzzzaﬁaﬁaéa AzaBr aBr 7BZ 7BZ >

Xrry Xrz; Xzzr Y, L', E*, BY, 07&7 Z 47,
PH, O, J@’&7 JZ7

i)&? SZ?&? EZu ST?H%? SZZ-

Table 6.1: The regularized conserved variables @ and their small-r behaviour. Under-

lined variables are O(r) on the axis, all others are O(1).

term in (E41). We will see another application of gauge source functions in
section in the context of linearized theory.

A reasonable check for any gauge condition we choose is that Minkowski
space in standard cylindrical polar coordinates is a solution. In this chart, it

is given by
Hup =045, A=r=s5=0, a=1, =0 (6.164)

and of course Z4 = 0. It is easy to check that (f48) is satisfied for the choice
(E162), but not for G = 0. Hence it it essential to include a gauge source

function in order to be able to evolve flat space in standard coordinates!

6.5.3 Regularized conservation forms

It can now be verified with the help of a computer algebra programme (see
appendix [Bl) that in terms of the reqularized conserved variables @ (table
B.10), the Z(2+1)+1 equations can again be written in conservation form

i, + [—ﬁDﬁ +aFP@)] = ad(@), (6.165)

)
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where now the fluxes 2 and sources S are regular on the axis, provided
that the appropriate boundary conditions are enforced. For a variable 4 that

is O(r) on axis (the underlined variables in table 1), a Dirichlet condition
o =0 (6.166)

is needed, and for a variable @ that is O(1) on axis (the remaining variables

in table G.1]), we enforce a Neumann condition

Optt|r—o = 0. (6.167)

Y%, r=10,4, etc. are well-behaved on the

This ensures that terms such as r~
axis. Numerically, this procedure works as long as we do not evaluate the
fluxes and sources at » = 0. This is one of the reasons why we use a cell-
centred grid (section EEIT]), in which the centre of the innermost cell is half
a grid spacing away from the axis.

In [TT9], the variables are further redefined by taking out the leading
order of r, i.e.

7“71

(6.168)

=0
Il
2

for the variables that are O(r) on the axis (the remaining ones are un-

changed). The equations can then be written in the form

- ~ . =(r?) ~ =z~ Z =
o+ |—2rfra+ oF + [—ﬁzﬁ+af (ﬁ)] =as(u), (6.169)

2 2

@)

,T

=D =
where now the fluxes F and the sources S are manifestly regular on the

axis, i.e., no negative powers of r appear and they are even functions of 7.
One might wonder whether one should discretize (EI69) on a grid that

2 since the derivatives are now

is uniform in r or on one that is uniform in r
taken with respect to 72. On the former grid, one can enforce Neumann

conditions for all the modified variables @. On the latter grid, however, it
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is not so clear what the boundary conditions should be. One might derive
boundary conditions by restricting the evolution equations to r = 0, but those
would include both time derivatives and spatial derivatives tangential and
normal to the » = 0 boundary. An earlier attempt of Nakamura et al.[104]
for a similar set of equations on an r2 grid led to numerical instabilities on
the axis, which could only be controlled by adding a large amount of artificial
viscosity.

Another problem with the 72 grid is that the characteristic speeds are

non-uniform (proportional to r) because

0 19
507 = 2 ar (6.170)

which means that a factor of 2r had to be taken out of the flux F" in (GIGH)
in order to arrive at (E1G69).

For these reasons, we choose to work on a grid that is uniform in r. Both
regularized versions of the equations (G164, EI69) have been implemented,
but at some stage we decided to focus on the first version, mainly for sim-
plicity and because the ubiquitous factors of r2 in the second version led to

instabilities caused by the outer boundary conditions (chapter H).

6.5.4 Hyperbolicity and the characteristic transforma-
tion

The question arises whether the regularization procedure outlined above af-
fects the hyperbolicity of the system. This is not the case because we have
merely performed a linear (position-dependent) transformation u = Tu of

those variables that occur in the fluxes, namely
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Dy = 177" Do+ ..., (6.171)
5 = 17 3Ly~ Dyppp) + ..., (6.172)
s, = v YL.—D..), (6.173)
B," = r B+ ..., (6.174)
Y = K -2 (6.175)

HT‘T

where the ellipses denote terms that have zero fluxes (and so has H,, in
(ET7H)). Hence the characteristic structure is unchanged.

To compute the characteristic variables, one starts from the regularized
variables 1, computes the original conserved variables u and evaluates the
characteristic variables given in section While this transformation is
perfectly regular, the inverse transformation contains factors of =1, which
might cause problems on the axis.

The transformation from characteristic variables to regularized conserved
variables in the z-direction (i.e., ua < d4*) turns out to be well-behaved
at r = 0 provided that the characteristic variables have the correct leading
order in r as summarized in table In turn, this small-r behaviour is
manifest when expressing the characteristic variables in terms of the regular-
ized conserved variables (using the conversions (CITIHETTH), again leaving
out the lower-order terms). This is worked out explicitly in linearized theory
in section

However, the transformation from the characteristic variables in the r-

direction (i.e., pa x 64") to regularized conserved variables is still singular on

6The basis of left eigenvectors in section £ was chosen such that the regularity con-
ditions on the characteristic variables have this simple form. For a different basis, they

would involve linear combinations of characteristic variables.
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l0,17 l0,27 10,37 l0,47 10,57 lO,Ga 10,77

+ £ £ £ £ E
ll,lvl1,27l1,37l1,47l1,57l1,67

+ g+ %
lfaliald

Table 6.2: Small-r behaviour of the characteristic variables in the z-direction. Overlined
variables are O(r?), underlined variables are O(r) and the remaining variables are O(1)

on the axis.

the axis, and no simple regularity conditions on the characteristic variables
as the above can cure this problem. To understand this, one should observe
that unlike the characteristic variables in the z-direction, the characteristic
variables in the r-direction do not have a definite r-parity (even and odd
terms in r are mixed).

These results have two important numerical consequences. Firstly, nu-
merical methods that operate in the space of characteristic variables (typi-
cally ones based on the solution of the Riemann problemH appear to be unus-
able near the axis because they require a transformation between conserved
and characteristic variables both in the r and the z direction. Secondly, sup-
pose that the computational domain has outer boundaries at r = r,,, and
2 = Zmax- 10 set up boundary conditions, one typically only needs to trans-
form between conserved and characteristic variables normal to the boundary.
The r = rpax boundary is unproblematic because all points on it are far away
from the axis at r = 0. At the z = z,., boundary, the characteristic trans-
formation in the normal direction (i.e., the z direction) is well-behaved even

near the axis, as pointed out above. Hence it should be possible to impose

Talthough there exist problems where the exact Riemann problem solution makes no

reference to the characteristic structure, e.g., Euler’s equations)
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outer boundary conditions that respect regularity on axis. We shall see this

explicitly in chapter

6.6 Equation checks and code generation

We derived the regularized conservation forms (EI60) and (EI69) of the
Z(2+1)+1 equations using the computer algebra language REDUCE [R0].
As can be appreciated from appendix [Bl the resulting equations are rather
lengthy. It is indispensable to perform some sort of consistency checks to
make sure that they are correct. Here, we verify that the equations are sat-
isfied for a variety of exact solutions of the field equations. We also generate
C code implementing the equations directly from within REDUCE using a

source code optimization package.

6.6.1 Checking the equations with exact solutions

The equations were checked with the following exact solutions, also consid-
ered in [I4] for a different formulation. For all the solutions, we first computed
the (24+1)41 variables as described in chapter Bl and then the regularized
conserved variables (section [B5.3]). These were then inserted directly into

the regularized conservation form of the equations ((EI6H) or alternatively

e A cylindrically symmetric Kasner metric [86]
ds? = 24 (dr? + ridg?® + d2?) — 27 2dt?. (6.176)
This is a vacuum solution, it is static, and has zero twist.

e Another cylindrically symmetric Kasner metric [S6]

ds? = t3(dr? + r2dp?) + t3d22 — de2. (6.177)



CHAPTER 6. THE Z(2+1)+1 SYSTEM 138
This is again matter- and twist-free, but not stationary.

e The JEKK metric [84), OT]
ds® = —20)(A? — dr?) + e (dz + wdp)? + r2e 2dy?,  (6.178)

which is a cylindrically symmetric vacuum solution, with v, v and w
depending only on ¢ and r. It has nonzero twist for w # 0 (for w = 0,
it reduces to the Einstein-Rosen waves [I40]). It is a solution of the

Einstein equations if and only if

Vit — ’r‘_ll/ﬂ, — Uy = %T*264” (ws? —w,?), (6.179)
W +r N, —w, = M wr, —wiy, (6.180)

Yr = r(uﬂg +y,r2)

Yi = 2rv,vg+ %rile‘l”w,rw,t ) (6.182)

e The Robertson-Walker metric [63]
ds? = —dt2 + 3 (dr2 4 dz? + r2de?) (6.183)
a non-rotating perfect fluid solution for the equation of state
p=p= %/{’lt’Q (6.184)

four-velocity

Ug = —0," (6.185)

and number density N* = nu® with

noct . (6.186)
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e The Kramer metric [92]
ds? = e (—d? + dr?) + d2? + r2d?, (6.187)

a non-rotating static perfect fluid solution for

p=p = fgfla2e7a2r2 , (6188)
Uy = —e2?T§t (6.189)
n = const., (6.190)

where a is a constant.
The Tabensky-Taub metric [T31]
ds? = V(=dt® + dz?) + z(dr® + r’dy?), (6.191)

a non-rotating static perfect fluid solution for

p=p = ixla?v-1, (6.192)
Uy = —V23,!, (6.193)
n = const., (6.194)
where
V =z 2020 (6.195)

and a is a constant.

The solution given in equation (6.1) (taking A = 1) of Davidson [43],
ds? = —(1+72)d? + (1+7r2)3dr? + (1+7?)3d2?
Hr2(1 = 32 — 8% dp? — 2, /1p2(1 4 12)dtdp , (6.196)

3

a rotating perfect fluid solution for

ol

p=32p = 4N (141?75, (6.197)
u = (1417725, (6.198)

n = const. (6.199)
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In addition, it was verified that the equations are satisfied by the solutions

presented in chapter [ in linearized theory.

6.6.2 Code generation

Since the equations that we would like to implement are very long, it is highly
desirable to produce code directly from the computer algebra programme
used to derive the equations. This is provided for REDUCE by the Source
Code Optimization Packagkk SCOPE [I38], which in addition minimizes the
number of algebraic operations in the output. We used SCOPE’s straightfor-
ward OPTIMIZE command. A combination with the automatic code GENera-
tor and TRANslator package GENTRAN [64], also described in [I38], failed
for very long expressions.

To make sure that the implementation is correct, we chose random data
for all the variables and verified that the fluxes and sources computed with

the C code agree with those computed within REDUCE.



Chapter 7

A test problem in linearized

theory

To check that the implementation of the Z(2+1)+1 system is correct, it is
highly desirable to have an exact solution which the numerical approximation
can be compared with. In this thesis, we are mainly interested in asymptoti-
cally flat radiative vacuum spacetimes. Not many exact solutions of the fully
nonlinear Einstein equations with those properties are known. The cylindri-
cally symmetric Einstein-Rosen waves mentioned in section as a special
case of the JEKK solution are not asymptotically flat. In fact, as shown by
Bicak and Schmidt [21], the only isometry in addition to axisymmetry ad-
mitting gravitational radiation and asymptotical flatness is boost symmetry.
Examples of such boost-rotation-symmetric solutions can be found in [22].
Here, we take a different approach: we focus on axisymmetric gravita-
tional wave solutions of the linearized field equations. We begin by writing
out the linearized Z(2+41)+1 equations in terms of the regularized variables
(section []), which also serves as another illustration of regularity on axis.

Next we discuss the transverse-traceless gauge and its compatibility with the

141
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dynamical gauge conditions used in the Z(2+1)+1 system (section [[2). The
linearized quadrupole solution of Teukolsky [132] is then presented and the
corresponding Z(241)+1 variables are computed (section [[3)). In addition,
we derive an even-parity twisting octupole solution (section [4]). Some fea-
tures of the numerical implementation are described and convergence of the
numerical solution to the exact one is demonstrated, both for vanishing and

dynamical shift vector (section [H).

7.1 The linearized Z(2+1)+1 equations

We express the linearized Z(241)+1 equations in terms of the regularized
variables (table B1I). All variables u are linearized about their flat-space
values uy,

u = up + €(t — up), ek 1, (7.1)

and we shall omit the hats in the following. For u € {H,,, H,,,a} we have

ug = 1, for all remaining variables ug = 0. As a shorthand, we set

Xo = f(2xXm + Xz —mb +7Y), (7.2)
X, = aA, —d(2D,,. + D,.. +1%3,)

+2(Dyry 4 Dysy — Dipy +1°5, — Z,), (7.3)
Xy = aA,—d?2D,. + D... +rs.)

+2/'L(_TDT‘T‘Z + 2Dzrr + TSZ - Zz) . (74)

Written in conservation form with sources, the linearized evolution equations
are given by
OHy = 2(2rB" + 1710 = o) (7.5)

atHrz = Q(Brz + Bzr - sz) ) (76)
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41N (=Droz + 4D (7.28)
Y = —=0,[r ' (—Ar — Dpoz +2D.,. + 2Z,)] — O.5. (7.29)
OE" = —0,[-22¢) - 0.]-B¥) (7.30)
OE* = —0,B¥ —0.[-22%] - 3r 'B*, (7.31)
BY = —0,E° —0,[—FE"], (7.32)
0 = —0.[Dyrr+ Dyso — Dy + 1775, — Z,]
~0.[=1Dyps + 2Dy, + 15, — Z1]
+r Y (=Dypy — Dy + 3D, — 40%5, — 65+ Z,), (7.33)
WZy = =0+ Xox +1Y —0] — 0. [—x:a] = Y, (7.34)
Z. = =0 [=xpz] = O:[2x + 1Y = O]+ 77 sz, (7.35)
8,7° = —0,[-LE"] —0.[-1E] + 3r1E". (7.36)

We have used the minimal gauge source function (GI62) to cancel the
singular term in ([ZI0). Note that all the above equations are regular on axis
provided that the appropriate boundary conditions (table [EI) are enforced.
Another point to observe is that the evolution equations for the twist vari-
ables (C30HL32, [C36]) decouple completely from the remaining system, as

already mentioned in section

7.2 Transverse-traceless gauge

All the linearized solutions presented in this chapter adopt the transverse-
traceless (TT) gauge, which is described in the following, stressing its relation

to other familar gauges.
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As usual in linearized theory, we write the metric as

gaﬁ = 'flaﬁ + haﬁ s (737)

where 7,43 is the Minkowski metric and h,g is a small perturbation. hqg is

chosen to obey the Lorentz gauge condition
hPlg —20°h = 0. (7.38)

Here a vertical bar denotes a covariant derivative in flat space (where we will
be using polar coordinates), indices are raised with n®?, and h = h,”. We
recognize in ([L38)) the linearized version of the harmonic gauge condition
(E39). Hence it is not surprising that in this gauge the linearized vacuum

Einstein equations become a flat-space wave equation,
hagy,” = 0. (7.39)

The Lorentz gauge condition ([.38) is invariant under infinitesimal coordinate
transformations

x* — x4+ ¢ (7.40)

provided that
¢“,"=0. (7.41)

This remaining gauge freedom can be exploited to impose the additional
conditions

hoa = 0, (7.42)

h =0, (7.43)

i.e., hag is transverse to the time direction and traceless. Equations ([C42-

[CZ3) are actually only four conditions because once ([L42) is enforced, the
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time component of ([Z3Y)) implies that h is constant in time, and we can
choose the initial conditions such that h = 0.

The question arises whether TT gauge is compatible with the dynami-
cal gauge conditions (section [B2) used in the Z(2+1)+1 system. In ADM
language, (L42) implies that to linear order

a=1, =0, (7.44)

which is also known as geodesic gauge. In terms of regularized Z(2+1)+1

variables, the ¢, r and z components of ([Z38) read

— 10,(2H,, + H.. + 2rs) = 2Xor + Xoo +7Y = 0, (7.45)
—D,.. +2D,,, — ngr —4s =0 , (746)
2D+ Dao — 78, + 27Dy + 20 'H,, = 0. (7.47)

Let us now compare these results with the linearized dynamical gauge condi-
tions (CIHZTT). The evolution equation for o (ICY) is satisfied for any choice
of the parameter f. The evolution equation for 8* (ILTTl) is consistent if and
only if we choose u = d = 1. This choice of parameters is also necessary for
the evolution equation for 8" (LI0) to be satisfied, but not sufficient: the
right-hand-side of (ZI0) still fails to vanish by a term 2s. To cancel this

term, we have to add a gauge source function
G" = —2s (7.48)

to the right-hand-side of (ZI0) (in addition to the minimal one, equation
(ET62)). Note that this does not affect the principal parts of the system.
We conclude that our dynamical gauge conditions are compatible with
the TT gauge used for the exact solutions if either the shift vector vanishes,
or it is dynamical with parameters u = d = 1 (i.e., harmonic shift), in which

case we need to include a gauge source function ([Z4F).
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7.3 Teukolsky’s quadrupole solution

General solutions of equations (C3Z3Y) and ([CZAHTAF) can be constructed

as multipole expansions using tensor spherical harmonics [35] with “quantum
numbers” L and M. Teukolsky [132] focuses on quadrupole radiation (L =
2), which is likely to be the strongest mode from realistic sources (see, for
example, [[02]). Axisymmetry implies that the azimuthal quantum number

is M = 0 in our case.

7.3.1 The even-parity solution

First we consider the solution that is symmetric under § — 7 — 6, or equiva-
lently 2 — —z. The line element can be written in spherical polar coordinates

(t,R,0,¢) as

ds? = —dt* + (14 Afrr)dR* + (2B fre)RAR d0
+(1+Cf + ALY R2ae?
+ (14 CfY+AfY) R sin®0dy*. (7.49)

The functions f only depend on the polar angle ¢ and are given by

frr = 2—3sin’0, (7.50)
froe = —3sinfcosh, (7.51)
b = 3sin’0, (7.52)
o = -1, (7.53)
fgf,;) = —3sin%4, (7.54)
f& = 3sin?0-1. (7.55)

P



CHAPTER 7. A TEST PROBLEM IN LINEARIZED THEORY 148

The functions A, B and C only depend on t and R and can be expressed as

F® 3r®  3F

A = (—33 + I +ﬁ), (7.56)

FG® 3@ 1)  6F
B = —(iRQ + 73 + I +ﬁ>, (7.57)

1 /F®W  9o2Fr® 9gp®@ 911  921F
C:ZRiR2+R3iR4+R5’ (7.58)
where
d"F(x)
F=F(t F) = . .

t¥R)), pra N (7.59)

The mode function F' can be freely specified. The upper sign in ([Z56HZDY)
corresponds to an outgoing solution, the lower sign to an ingoing one. Clearly,
linear combinations of outgoing and ingoing solutions are also solutions. Us-
ing a Taylor expansion of F' about R = 0, one can show that the only linear

combination that is regular at R = 0 is (up to an overall factor)
Ureg = Uout — UWin (76())

where u,,; and u;, are out- and ingoing solutions with the same mode func-
tion F.

Given the line element, we can now compute the regularized Z(2+1)+1
variables. To obtain the 2-metric H,p, the metric tensor has to be trans-

formed to cylindrical polar components r, z given by

r=Rsinf, z=Rcos < R=vr2+22, §=tan !l (7.61)

2

We find
H,, = 1—A+3sin*0cos’(A—2B+C), (7.62)
H,. = 3sinfcosflcos’ (A — B) +sin’ (B — O)], (7.63)

H,, = 1+2A+3sin’0(C — A) — 3sin?cos® (A — 2B + C) (7.64)
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To compute the variable s, we use its definition

s = r_lln( A ) , (7.65)

first linearize the right-hand-side and then insert the results for H,. and

A = g,,, obtaining
s=3R'sinflsin’ (A — C) +2cos’ (B — C)]. (7.66)

The spatial derivatives of the 2-metric and the extrinsic curvature variables

can be computed from their definitions and using

Xag = —30:Hap, (7.67)

Y = —0s. (7.68)
As explained in section [[Z the gauge variables are
a=1, gr=p*=0, (7.69)

and clearly

0=2"=2°=7°=0 (7.70)

for an exact solution.
The important point to observe is that the twist variables vanish for the
even-parity solution,

E =FE=B%=0, (7.71)

because there are no (Ry) and (6y) components in the line element ([ZZ9).
As with all the solutions presented in this chapter, it has been checked

with REDUCE that the above solution obeys equations (Z38HZ39) and

([CA2HC ) as well as the linearized Z(2+1)+1 equations (section [T]).
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7.3.2 The odd-parity solution

Next we consider the solution that is antisymmetric under § — 7 — 6. Its
line element is
ds? = —dt* + dR? + R*d6? + R?sin® fdy?
+2Kdp,Rsin@ dR dyp + 2Ldg,R*sin df dy . (7.72)
The angular functions are

dr, = —4cosfsinb, (7.73)
dg, = —sin’0. (7.74)

The functions K and L are given by

G®  3GY 3G
(3) &) 1
iG 2G N 3G 3G

R TR B R

(7.76)

where
d"G(z)

dzn z=tFR .

G=GtFR), GC"= (7.77)

The mode function G can be freely specified. Again, the upper sign
corresponds to an outgoing solution and the lower sign to an ingoing one,
and superpositions of the two are also solutions. To obtain a regular solution
at R = 0, one has to form the combination

Ureg = Uout — UWin (778>

where u,,; and u;, are out- and ingoing solutions with the same mode func-
tion G.
In the odd-parity case, the twist variables do not vanish:
E" = R ‘'sinfcosfo,(L+4K), (7.79)
E* = R '[-0,L+cos®08,(L+4K)] , (7.80)
BY = —RZsinf(ROzL +4K). (7.81)
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To obtain these, one first computes the twist vector (Bf]) and then uses
definitions (BZTHZAY). We have checked that when expressed in cylindrical
polar coordinates (t,r, z, ), the variables ([LTIHLKI) are manifestly regular
on the axis r = 0.

The remaining Z(241)+1 variables are found to be trivial:
HAB:5ABa s=0 (782)

and thus
DCABZSA:XAB:YZO- (783)

Hence the odd-parity solution only involves the twist geometry, whereas
the even-parity solution involves the remaining variables: the two polariza-
tion states can be understood as a twisting state and a non-twisting one.

This reflects a similar decoupling of the evolution equations, section [l

7.4 An even-parity twisting octupole solution

The twisting solution presented in section is antisymmetric under re-
flection about the z = 0 plane. However, we would like to impose reflection
symmetry about z = 0 so that we only need to evolve the upper half of
the (r, z)-plane. It would thus be interesting to find an even-parity solution
that is purely twisting. It turns out that the even polarization state of the
octupole solution (L = 3) has that property.

The line element can again be written in the form (L72). However, the

angular functions are different:

dr, = sinf(4—5sin*0), (7.84)

dg, = sin®fcosf. (7.85)
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The radial functions are also modified:

G®  6G@ 15GM  15G

K:iR2+R3i 7 +R5’ (7.86)
GW 5G®  15G®  30G%  30G
L = + + 7.87
R R w R R (7.87)
where as before
d"G(z)
G=G{tTR G = 7.88
(¥ R), da  lz=txRr’ ( )
and a regular solution can be obtained by forming
Ureg = Uout — UWin (789>

where u,,; and u;, are out- and ingoing solutions with the same mode func-
tion G.

The twist variables are found to be

E" = R 'sinf(cos®0,(L + 4K) — sin® 0 0,K), (7.90)
E* = R 'cosf(4cos’ 00, K —sin*00,(L+ K), (7.91)
BY = R ?sinfcos(ROgL + 10K) . (7.92)

Noting the transformation (IZG1]), these have both the desired r and z pari-
ties (tables B, and [0 in the following section). The remaining Z(2+1)+1
variables are trivial, as in section [[3.2

It is worth explaining how we derived this solution. Instead of using
tensor spherical harmonics as in [I32], it is easier to work directly with the
twist subsystem of the linearized Z(2+1)+1 equations. One can begin by

postulating the desired angular behaviour, i.e.,
E" xsinf, E* x cos?, B? « sinf cos . (7.93)
For the spherical polar components, this means

E® o« (4 — 5sin?0) , E? « sinfcosf, BY xsinfcosf. (7.94)
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One now makes an ansatz of a form similar to the previously found solutions,

N
E" = (4-5si®0)R"> aiR"GM(t£R), (7.95)
n=0
N
E’ = sinfcosf R-PTVYBER'GM (L £ R), (7.96)
n=0
N
B? = sinfcos§ RPY ciR"G™(t+R) (7.97)
n=0

and inserts it into the spherical polar version of equations (I[Z30HZ32, [36])
(with Z¢ = 0),

0 = Ef, + R"'B?,+3R 'cotf B?, (7.98)
0 = E°, —~R'B*r—3R>B", (7.99)
0 = E°, —R'B*r—3RDB", (7.100)
0 = ERp+ R'EF+Ey+3(R'Ef 4ot EY).  (7.101)

After some experimentation one finds that p = 6 and N = 4 are required

and that the only nontrivial solution for the constants a, bt ¢t is (up to an
overall factor)
aX = (15,¥15,6,F1,0), (7.102)
bE = (30,%30,15,F5,1), (7.103)
cc = (0,—15,415,—6,+1). (7.104)

Transforming back to cylindrical polar coordinates, one arrives at (CIOHZ92).

7.5 Numerical evolutions

We are now ready to perform numerical evolutions and compare them with

the exact solutions.
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The initial data is taken to be that of the exact solutions at t = 0. The
even-parity non-twisting quadrupole solution (section [L31]) and the even-
parity twisting octupole solution (section [[4]) are considered separately. The

mode functions are taken to be

2 2

F(z) = Fyze™™ | G(z) = Goze™ | (7.105)

and in both cases we form a regular combination of outgoing and ingoing
solutions as described in the preceding sections. Although the exact solutions
are only valid in linearized theory, we evolve them using the fully nonlinear
Z(2+1)+1 system. This is consistent if the amplitudes Fy, Gy < 1 in ([ZI05).
The amplitudes we choose are Fy = Gy = 1074

The gauge parameters are taken to be those of harmonic gauge, f = d =
i =a =1, m=2. Both vanishing and dynamical shift are considered.

We impose the appropriate Dirichlet or Neumann conditions on the axis
r = 0 (table BI). Because the exact solutions we consider are reflection-
symmetric about z = 0, we only evolve the upper half of the (r, z)-plane and
impose either a Dirichlet or a Neumann condition at z = 0, depending on
the z-parity of the variables (table [1]). The outer boundaries are placed
at Tmax = Zmax = D. In this chapter, we impose the exact solution at the
outer boundaries (chapter B is devoted entirely to general outer boundary

conditions).

7.5.1 Numerical method

The equations are discretized using second-order accurate finite differencing
on a single cell-centred grid that is uniform in r and z (section EIl). The

conservative form of the equations is retained on the discrete level, i.e.,

ou = —0,F (u) — 0,F*(u) + S(u) (7.106)
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Table 7.1:  z-parity of the regularized Z(2+1)+1 variables if reflection symmetry is

assumed. Underlined variables are odd functions of z, the remaining ones are even.
is discretized as

Oy = —g [F (Wir1; — F (Wi + F(W)iger — F(w)i1]

The numerical solution is advanced in time using the method of lines with
the third-order Runge-Kutta scheme (EZ38b). The Courant number is taken
to be At/h = 0.8. Fourth-order Kreiss-Oliger dissipation (EE64]) with ampli-
tude ep = 0.5 is added at all interior points. The boundary conditions are
implemented using the method of ghost cells (section EEI3)). The ghosts at

the outer boundaries are filled with the exact solution.

7.5.2 Snapshots of the evolution

As an example, figure [Tl shows the variable s of the even-parity quadrupole
solution (section [[Z3J]) with vanishing shift at a number of consecutive times.
The numerical approximation and the exact solution are overlaid. The resolu-
tion is very coarse (32 points) — for higher resolutions, the difference between
the exact solution and the numerical approximation is hardly visible. Note

that the numerical evolution is perfectly regular on the axis.
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~

t=0.5

t=1.0 t=1.5

t=2.0 t=2.5

t=3.0 t=3.5

Figure 7.1: Evolution of the variable s for the even-parity quadrupole solution with

vanishing shift. The numerical approximation and the exact solution are overlaid.
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7.5.3 Convergence tests

An important touchstone for a numerical code is a convergence test. Because
our implementation uses second-order accurate finite-differencing and at least
a second-order accurate time integrator, the numerical error with respect to
the exact solution should behave like ~ h2, where h is the grid spacing.
That is, if we double the number of points per spatial dimension, the error
should decrease by a factor of 4. The following plots show for three different
resolutions (32, 64 and 128 points) the total (discrete) L? norm of the error

€ = U — Ugyact as a function of time,

1/2
er2(t) = h (Z e’;j(t)2> : (7.108)

iyn
where the index n labels the component of the solution (all the Z(2+1)+1
variables are included), and the indices 4, j refer to the grid point. Alterna-

tively, we have tried the supremum norm

esup(t) = max|efs(t)], (7.109)

ijn
which leads to the same qualitative results.

Consider first the even-parity non-twisting quadrupole solution (section
[[3T). This was evolved both with vanishing shift (figure [[2) and with
dynamical shift (figure [4]). Both evolutions show approximate (not perfect)
second-order convergence. The average convergence factor of the vanishing
shift evolution is shown in figure [[3 In order to study the influence of the
boundary location, we have performed the same run with twice the domain
size. Discrepancies between the convergence factors can be observed from t ~
4 onwards, when the wave is about to arrive at the boundary of the smaller
domain. However, this does not lead to a significant loss of convergence at

later times.
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Figure 7.2: Convergence test for the even-parity quadrupole solution using vanishing
shift. L? norm of the error as a function of time for 32 (dotted), 64 (dashed) and 128 (solid)
points per dimension. The total error of all the Z(2+1)+1 variables and the components

of the Z vector are shown separately.

Note that in the vanishing shift case, the error decays with time and all
the variables assume (very nearly) their flat-space values after the wave has
left the computational domain. In contrast, the dynamical shift evolution
suffers from a growth of the error, which also affects the constraints. We
have verified that the growth rates are virtually independent of the boundary
location (the results for twice the domain size are visually indistinguishable
from the plots in figure [[4]). It would be interesting to investigate the origin

of this growth in future work.
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Figure 7.3: Average convergence factor of the Z(2+1)+1 variables as a function of time
for the even-parity quadrupole solution using vanishing shift. Solid line: rpax = Zmax = 5

as in figure [[2 dashed line: rpax = zmax = 10.

Figure shows a similar convergence test for the even-parity twist-
ing octupole solution (section [[4]). Here it does not matter whether we
use vanishing or dynamical shift because the right-hand-side of the evolu-
tion equations for the shift (CTOHZTI) is zero anyway. We see approximate
second-order convergence up to t &~ 3. After this, the constraint Z¥ begins
to grow. In this particular case, the onset and growth rate of the instability

depend on the location of the outer boundary, as demonstrated by figure

7.5.4 Conclusions

To summarize, we have demonstrated second-order convergence of the code
(at least at early times) for two different exact solutions of linearized the-
ory and two different shift conditions, which strongly indicates that the im-
plementation is correct. An unexpected growth of the error occurs in the

dynamical shift case.
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Figure 7.4: Convergence test for the even-parity quadrupole solution using dynamical
shift. L2 norm of the error as a function of time for 32 (dotted), 64 (dashed) and 128 (solid)
points per dimension. The total error of all the Z(2+1)+1 variables and the components

of the Z vector are shown separately.
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Figure 7.5: Convergence test for the even-parity octupole solution. L2 norm of the error
as a function of time for 32 (dotted), 64 (dashed) and 128 (solid) points per dimension.
Total error of all the Z(2+1)+1 variables and the constraint Z%.
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Figure 7.6: Dependence of the constraint growth on the boundary location for the
even-parity octupole solution. Shown is the variable Z¥ as a function of time. Solid line:
Tmax = Zmax = D as in figure [[H dashed line: rpax = zmax = 10. The resolution is taken

to be 64 points per dimension.



Chapter 8

Outer boundary conditions

Having derived the appropriate boundary conditions on the axis r = 0 (table
E1) and at z = 0 if reflection symmetry is assumed (table [[]), we now turn
to the question of how to impose boundary conditions at the outer boundaries
of the computational domain.

Outer boundary conditions are currently a very active field of research in
numerical relativity, particularly since hyperbolic formulations of the Einstein
equations were introduced. In such formulations, one knows the characteris-
tic variables and their propagation speeds with respect to the boundary, and
one can use this information to construct boundary conditions.

Throughout this thesis we assume that spacetime is asymptotically flat,
by which we mean in a broad sense that the metric approaches the Minkowski
metric towards spacelike infinity (no precise definition of asymptotic flatness
is required for our purposes). By placing the outer boundary sufficiently far
out, we may assume that linearized theory is valid near the boundary. Hence
all the calculations in this chapter are performed in linearized theory.

We begin by writing down the characteristic variables in terms of the reg-

ularized Z(2+1)+1 variables (section BII), which we shall need throughout
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the following. As a first class of boundary conditions, we discuss dissipative
boundary conditions (section B2), for which well-posedness theorems of the
initial boundary value problem are known. In an alternative approach to the
problem, we begin with certain physical considerations, which are then trans-
lated into a prescription for the characteristic variables. These considerations
fall into three different groups: outgoing radiation boundary conditions based
on the Newman-Penrose scalars (section B3), constraint-preserving boundary
conditions based on the so-called subsidiary system (section B4l), and gauge
boundary conditions (section BHl). Stability of the thus derived boundary
conditions is analysed using the Fourier-Laplace transform technique (sec-
tion BH). We perform numerical evolutions of the exact linearized solutions
of chapter [ to compare the various boundary conditions with regard to
their stability and efficiency in avoiding spurious reflections from the outer

boundaries (section BT]).

8.1 Linearized characteristic variables

The linearized Z(2+41)+1 equations have already been expressed in terms
of regularized variables in section [[Jl Here we derive the characteristic
variables of that system. One starts from the results in section and makes
the replacements (ETTIHETITH). Note that the terms with zero fluxes (the
ellipses in (EIZIHETTH)) are not to be included because they do not enter the
principal parts of the regularized evolution equations. Finally we linearize
the characteristic variables about flat space. We have checked explicitly with
REDUCE that the results below are indeed the characteristic variables of

the system stated in section [1]



CHAPTER 8. OUTER BOUNDARY CONDITIONS

164

For the characteristic variables in the r-direction we find in the dynamical

shift case

D,

D.,.,

D...,

r8; + Dopr — Dy

A,

B.",

B.7,

rY + Xor — Xoz + 2B." £ (1?3, + Dyyp — Diss)
E* + B?,

0 — 2B.” £ (Dyoo + 1%, + Dyyyp — Doy — Z,)
rY + Xor + Xoz — 0 £ (Do + Z,),

Xr: £ 3(A: +2D.y — D, +1s, — 22.),
E"F277%,

A, — fer(Dyz + 128, 4 Dypp — Die — Z,)
0/ F( 2 + Xez + 7Y — (for +2)0 + 21 B.7)
aA, 4+ 2u(rs, + 2D, — 1Dy, — Z.)

_d(QDzrr + Dzzz + Tsz) =+ 2\/ﬁ<BrZ + Bzr) )

(fCQ + 1)(2X7’r + Xzz t+ TY) + (fCQC3 + 264)(2322 - 0)

—fmesf — 2(rB,” + B.7)

:l:\/g[zDrrr + Drzz + T2<§r + C2Ar)

_(fc263 + 204)<T2<§r + Drrr + Drzz — Dzrz —

(8.16)
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In the vanishing shift case, lyp¢ and o7 are replaced with
log = [fm(Dyos+1°3 + Dypp — Dy — Z,)
—f(2Dypr + Dy +17%5,) + A, (8.17)
lor = fm(2D.,, + 75, — Dy — Z.)
(

—f(2D,pr + D,,, +1s.)+ A,. (8.18)

The characteristic variables in the z-direction for dynamical shift are

found to be
lox = D, (8.19)
loa = 7Dy, (8.20)
los = Dyrr, (8.21)
loy = 7%, (8.22)
los = A, (8.23)
loe = B,~, (8.24)
loy = B, (8.25)
I, = r(Y +2B" +5.), (8.26)
li, = E'FB?, (8.27)
Ity = 0—2rB," % (2D.p, + 15, — 1Dype — Z2), (8.28)
Iy = rY +2x0 — 0% (rDy. + Z.) (8.29)
Iy = Xes®3(A+ Dpoe 1%, - 22,), (8.30)
Ife = E°F22°, (8.31)

l? = A.—fa (2Dzrr + TSy — TDrrz - Zz)
i\/?(Xzz + 2er +rY — (fcl + 2)6 + QClréTU ) (832>
= afAr + 2#(7“257" + Drrr + Drzz - Dzrz - ZT)

—d(Dy2 + 2Dy +1%5,) £ 2/1(B.” + B,%), (8.33)
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lff = (fea+1)(Xzz +2X0r +7Y) + (feacs + 204)(27“BTT —0)
—fmef — 2(B.* + TB/")
+VA(D... + 2D.,, + 5. + 2 A) (8.34)

—(feaes +2¢q)(rs, + 2D, — rDyyy — Z,).
In the vanishing shift case, /s and ly 7 are replaced with

log = fm(2D..p + 75, — Dy — Z.)

—f(2Dzpr + Do +752) + A, (8.35)
loy = fm(Dy..+1°3 + Dypp — Diyo — Z,)
(

_f 2Drrr + Drzz + T2§r> + Ar . (836)

For the numerical implementation of the characteristic transformation in the

z-direction, we replace lg 2, ly4, the dynamical-shift version of [y7, and lfl

with
lop = 772 =Dy, (8.37)
l~0,4 = 7“_2l0,4 =5, (8.38)
Z077 = T_1l077 = BTT, (839)
o= U =Y 2B £, (8.40)

because then the inverse transformation from z-characteristic to regularized

conserved variables does not involve any negative powers of r.

8.2 Dissipative boundary conditions

Let v~ be the vector of ingoing characteristic variables in the direction nor-

mal to the boundary under consideration and v* the vector of the remaining
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(outgoing and zero-speed) characteristic variables. In this section, we con-

sider (homogeneous) dissipative boundary conditions of the form
vo=Mv', (8.41)

where M is a constant real matrix and here and in the following = denotes
equality on the boundary.

Under certain additional assumptions, there exist theorems that guaran-
tee the well-posedness of the initial boundary value problem (IBVP) for such

boundary conditions, which we shall outline in the following.

8.2.1 Well-posedness of the IBVP

We focus on a single boundary here and so we take the spatial domain ) C R?
to be a bounded open set lying on one side of its boundary I'. Suppose we

have a linear symmetric hyperbolic system
du+ A*9u+ Bu=0, (8.42)

in [0,00) x €, i.e., the matrices A4 can be assumed to be symmetric (af-
ter a suitable symmetrization). The boundary conditions are taken to be
of the form (®ZI) on [0,00) x I'. Assume first that the boundary is non-
characteristic, i.e. that A+ = A4, is invertible on the entire boundary T,
where 14 is the boundary normal. One can prove [73] that the above initial
boundary-value problem is strongly well-posed in the following sense: for ev-
ery initial data f € C°°(z?), u(0,z4) = f(z?), there exists a unique solution

u(t, z) € C*=(t,2*) such that
lu(t, )l < Ke™[[£()]], (8.43)

where the constants K and o are independent of f, and we are using L?

norms (this is the same type of estimate as in section [6.4).
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This result has been generalized by Majda and Osher [I0T] to the case of
a uniformly characteristic boundary, which means that A+ has constant (not
necessarily maximal) rank across the whole boundary I". This wider class
includes many important examples in physics such as Maxwell’s equations
and the linearized Einstein equations. Finally, Rauch [IT5] and Secchi [124]
generalized the well-posedness theorem to quasilinear systems (such as the
fully nonlinear Z(2+41)+1 system). In this case, however, the estimate (8743
only holds for a finite time in general and the solution cannot be taken to be
C* (instead, it lies in an appropriate Sobolev space, see [124] for details).

Since the above theorems all require a symmetric hyperbolic system, they
are only applicable to the zero-shift version of the Z(2+1)+1 equations with
parameters (f = 1,m = 2). In practice, however, dissipative boundary
conditions work well for most strongly hyperbolic systems, too. We would
like to stress that in the dynamical shift case, the boundary is uniformly
characteristic only in linearized theory because otherwise the speed of the
normal modes depends on the shift vector, which may change sign along the

boundary.

8.2.2 Absorbing boundary conditions

The simplest example of dissipative boundary conditions are absorbing bound-

ary conditions

vo =0, (8.44)

i.e., the incoming modes are set to zero at the outer boundaries. These
boundary conditions have proven to be very stable in numerical experiments
(section BT]).

One might ask to what extent absorbing boundary conditions are satisfied

by the exact linearized solutions of chapter [ Even if they are not satisfied
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identically, one can still evaluate the residuals of the boundary conditions
(i.e., the incoming modes) and expand them into a series in inverse powers
of r (for the outer boundary at r = ryay) or z (for the outer boundary at
2 = Zmax). One finds that the incoming modes vanish to leading order except
for i3, 14, 15 and I,

Can we construct “better” boundary conditions of dissipative type?

8.2.3 Zero-Z boundary conditions

A different boundary condition one might impose is the vanishing of the
algebraic constraints

0=2,=2,=2°=0, (8.45)

which is clearly satisfied by a solution of Einstein’s equations. Using the
expressions for the characteristic variables (section BJl), we can rewrite (8Z5)

in dissipative form:

iy = —liz—4ly7, (8.46)
lig = lfL,4 — 2y, (8.47)
lis = Us—loa—loa—los, (8.48)
e = U (8.49)

(the equations are the same in the - and in the z-direction). Supplemented
with absorbing boundary conditions for the remaining incoming modes, we
obtain a set of boundary conditions that are all satisfied by the exact solu-
tions at least to leading order in the respective inverse coordinate. In this
sense, they would appear to be superior to pure absorbing boundary condi-
tions. However, we shall see in section that the Z vector obeys a wave
equation (B9Y). The boundary conditions (BZGHRZY) are Dirichlet bound-

ary conditions and hence any violations of the Z, = 0 constraints hitting
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the outer boundaries will be reflected. This is confirmed by our numerical

experiments in section 87

8.3 Outgoing-radiation boundary conditions

We now start to look for a different set of boundary conditions based on more
physical considerations. A reasonable requirement for an isolated system is
that no gravitational radiation should enter the computational domain from

the outside. If we were dealing with a scalar wave equation
Ou=0, (8.50)

the appropriate outgoing-radiation boundary condition would be a Sommer-
feld condition
f(t—R)

U= (Or + Or)(Ru) =0, (8.51)

where R = /72 + 22. This is the condition we imposed componentwise on
all the variables evolved with the hyperbolic-elliptic system (section B.T).
However, the gravitational field has only two degrees of freedom (the two
polarization states, cf. chapter [l) and hence we are only allowed to impose

two conditions.

8.3.1 Newman-Penrose scalars and the peeling theo-

rem

More insight can be obtained by looking at the asymptotic behaviour of the
Weyl tensor

Caﬁ'yé - Raﬁ’y(s - %(ga’yR(Sﬁ + gﬁéR'ya - ga(SR'yﬁ - gﬁ’\/R(Sa)

+§R(9ar 955 — GasGys) - (8.52)
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The Weyl tensor is the tracefree part of the Riemann tensor, i.e., the part
that is not determined by the matter sources via Einstein’s equations. It thus
contains the gravitational-wave information, and it reduces to the Riemann
tensor in vacuum.

In the Newman-Penrose (NP) formalism [108, [128], one forms a complex
null tetrad (I, k, m,m) consisting of two real null vectors [ and k, a complex

null vector m and its complex conjugate m satisfying
l-k=-1, m-m=1. (8.53)

Here we adapt the null tetrad to the boundary under consideration in the
following way: first we choose an orthonormal basis {eg, e, €2, €3} with the

properties

ey X n future-directed timelike normal) , 8.54

oo
(@A

€y X T tangent to the boundary, yu m? = 0), 6

8.57

( (8.54)
€1 o< i (spacelike outward-pointing normal to the boundary) ,(8.55)
( (8.56)
eg o< § ( ( )

Killing vector) .

Then we define the NP tetrad by

l = %(60 + 61) s (858)
k = %(60 — 61) 5 (859)
m = Js(ex —iey), (8.60)

which satisfies the relations (B23).
One now forms the five independent complex projections of the Weyl

tensor with respect to the NP tetrad,

Uy = Cuprsl®mPl'm? (8.61)
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Uy = Copsl®km?, (8.62)
Uy = Copysl™m’mk°, (8.63)
Uy = Cupysl®kPmIE (8.64)
Uy = Cupsk®mPE'm’ . (8.65)
The peeling theorem implies that
\Ili ~ x75+i ) 1= 07 17 27 37 4 (866)

as future null infinity is approached along the outgoing null geodesics with
tangent [ and affine parameter x. For the r = 7. (2 = Zmax) boundary, x
may be taken to be the coordinate r (z). Strictly speaking, (BG0) is only
valid for solutions of the Einstein equations that are algebraically general.
We have checked that all the linearized solutions in chapter [ have the peeling
behaviour (B60), as expected for generic gravitational radiation.

One can use the peeling theorem to derive an outgoing radiation condition

5

at the outer boundaries: because x is large there, Wy ~ 77 is suppressed as

compared with the other Weyl scalars and so it is reasonable to impose
Uy =0 (8.67)

at the outer boundaries. This condition was used by Friedrich and Nagy
[58] in their well-posed initial boundary value formulation of the Einstein
equations, and similar conditions have recently been applied to numerical
relativity (e.g., [88, [121]). Because ¥y is complex, (BE17) constitute two real
conditions, as desired. They correspond to the two gravitational degrees of

freedom, as we will see explicitly in the following.
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8.3.2 Construction of the NP tetrad

We begin by setting up the orthormal basis (BHZHEET). For this we need

the full four metric g,p and its inverse g*°. In linearized theory, we may set

a = 1+da, (8.68)
Hjyp = dap+dHyp, (869)
A= r(l1+N), (8.70)

where da, 6H 45 and §)\ as well as the shift vector 34 and the components
&, € of the Killing vector are small quantities. In (¢, 7, z, ¢) coordinates, the

linearized 4-metric then takes the form

—1— 25 B B* &
ﬁr ]‘ + 5H7"7" 5HT'Z gT’
Gap = (8.71)
57 6H,, 1+06H,, 3
& & £, r2(1 + 20))
and its inverse is
—1+4+ 20« G 3% r=2¢,
r 1—0H, —0H,, —r72g,
g*f = b : : (8.72)
57 —0H,, 1—-0H,, —r72¢,
r2 —r% —ri (1 - 260

Note that &, & and &, are not in the Geroch space N (section BI).

The Killing vector is £* = 4,* and so we have
e3* = (0,0,0,771(1 = 5N)), (8.73)

normalized such that e3“es3, = 1. Lowering indices with g.g, the covariant

version becomes to linear order

ez = (r 2, r 1, T r(1+6))). (8.74)
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The timelike normal n satisfies n, = —ad,' and n,&* = 0, which yields
eoa = (—1 — 6,0,0,0), (8.75)
and raising indices with ¢®?,
e = (—1+da, 37, 57, r7%) . (8.76)

Consider first the r = 7., boundary. Its spacelike normal satisfies pr4 o< 04",

an® = 0 and po&* = 0, which implies
1o = (6", 1+ 36H,,,0,0) (8.77)

and so

e =(0,1—%6H,,,—6H,,,—r%,). (8.78)

The tangent to the boundary, 74 satisfies 744 = 0, 7*n, = 0 and 7%¢, = 0,

which together with the normalization fixes
ex® =(0,0,1 - 20H.., —r2%,) (8.79)

and thus finally
e3a = (0%, 0H,2, 1+ 30H..,0). (8.80)

For the z = z,,, boundary we have instead

e1a = (8%,0,1+16H..,0), (8.81)
e1® = (0,—0H,.,1—3H..,—r?,) (8.82)
and
e = (0,1—30H,.,0,—17%,), (8.83)
era = (07,14 30H,,,6H,.,0). (8.84)

From the orthonormal basis, we finally form the NP tetrad as defined by

equations (Eh8-EGM).
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8.3.3 Computation of ¥,

Having constructed the NP tetrad in covariant and contravariant form, we
can compute the Weyl scalars (BGIHRGH) using, for example, the algorithm
of Campbell and Wainwright [39)]

The resulting expressions contain various (up to second-order) time and
spatial derivatives of 6 H sp, 0\, dor, 34 and &, €4, which we need to translate
into (2+1)+1 language. In particular, one might worry about the components
of the Killing vector £ because they are not in N. Fortunately, they only

appear in the following combinations:

2 (& +r7'8) = BT, (8.85)
2y = EF, (8.86)
2T_2(€[r,z] + T_lgz) = B¥ s (887)

so that we recover the twist variables, which are in N (we have used defini-
tions (B6) and (BZHZAR)). This was to be expected, of course, because ¥y
is a spacetime scalar and as such is in /. The remaining time derivatives in
the expressions for the NP scalars are eliminated using the linearized evolu-
tion equations (section [CTl). The spatial derivatives of 6 H 4,0\, da and 34
are substituted using the definitions of the first-order variables (E-2IHES)
Everything is expressed in terms of regularized variables; e.g., one should
note that

S\ =rs+ 30H,, (8.88)

in linearized theory.

LA REDUCE version of this algorithm was written by John Stewart.
2The ordering of the second spatial derivatives must be chosen carefully so that the

results below obtain.
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For the r = 7.« boundary, we find
R'e\IIO = %{_ar['ry + Xrr — Xzz — T2<§r - Drrr + Drzz]
+0:[~Xr> + 2rDyys — Dy (8.89)
47 Dy +2r 1D, — 2Y 4 413, + 607 s},
Im¥, = 2%{20,[F* — B?|—0.E" — 6r 'B? + 3r 'E*}. (8.90)

Thus the imaginary part of ¥y involves only the twist variables and the
real part only the remaining variables. Recall from chapter [ that these two
subsystems correspond to the two polarization states of the gravitational field
so that we obtain one separate boundary condition for each polarization, as
desired. Note also that (B89HRO0) are manifestly gauge-independent (they
do not contain the lapse, shift or derivatives thereof).

Next observe that the r-fluxes in (BZ9HEIM) are proportional to the in-
coming modes I, ([B8) and /7, T)! Hence we can express the boundary
conditions ¥, = 0 as conditions on the normal derivatives of two of the
incoming modes:

ar lil = az[_sz + 2TDrrz - Dzrr + 2Brz]
41 Dy +2r 1D,y — Y 4413, + 617 s (8.91)
Oliy, = 30.E"+3r'B? —3r'E7, (8.92)

Similarly, we find for the z = 2z, boundary
Re\I’O = %{_az [T(Y - Sz)] + ar [T_l(_sz - Drzz + 2Dzrz)]} ) (893>
Im¥, = %{20.[E"+ B¥]—0,E*}. (8.94)
We identify /;, (828) and I;, (8Z17) in the 2-fluxes so that ¥y = 0 can be
written as

0.0y = O [r " (—=Xes — Dysz + 2D, +2B.7)] (8.95)
0.1, = 30,E7, (8.96)
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where l~1_ , was defined in (B40), and here we see very clearly the reason for
that definition: written in the form (89H), the boundary condition is regular
at 7 = 0 because of table

We have checked that the residuals of the boundary conditions (91
B92) are indeed of the order 7> when evaluated for the exact linearized
solutions of chapter [ However, this fall-off is not uniform in z: the leading-
order coefficient of the expansion of the residual in inverse powers of r has
a z-dependence of ~ z* or lower, depending on which solution we choose. A
similar statement with r and z interchanged holds for equations (E95HITG]).
This means that if the size of the grid is doubled both in the r and in the z
direction, the supremum of the residual evaluated along the entire boundary
will not decrease by a factor of 2° = 32 but only 2 (in the worst case).

In order to improve on this, one could consider an NP tetrad that points in
the R-direction, where R = v/72 + 22, for this coordinate is large everywhere
on the outer boundary. The residual then falls off like R~5. However, in this
case we cannot translate the boundary conditions into a prescription for the

normal derivatives of the incoming modes as done above.

8.4 Constraint-preserving boundary conditions

Further boundary conditions can be obtained by requiring that no violations
of the constraints enter the computational domain from the outside. The
basic strategy for deriving such constraint-preserving boundary conditions
was first developed by Stewart [129], and there has been much recent work
on this subject (e.g., [37, BY, 25]).

In the Z4 formalism, the standard Einstein or ADM constraints are re-
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placed with the algebraic constraints
Zo=0. (8.97)

If those hold at all times, the Einstein constraints are automatically satisfied
by virtue of the evolution equations for the Z vector (E3THE3J). In order
to set up constraint-preserving boundary conditions, we need to understand

how the constraints propagate. By applying the contracted Bianchi identities

V3G =0 (8.98)

to the Z4-Einstein equations (B.]]), we obtain a homogeneous wave equation
for the Z vector:
VsV Zy+ RagZ” = 0. (8.99)
This equation forms the constraint propagation or subsidiary system.
The (2+1)+1 reduction of (B9Y) can be obtained by simply taking a
second time derivative of the evolution equations for the Z vector (B3I
E33). As we would like to write the resulting system in first-order form, we

have to introduce new variables for the first-order space and time derivatives

of the Z vector,

HAEQAH, ZBAzﬁBZA, ZALPEaAZLP, (8100)

90 = 6,50, ZOA = 6tZA, ZQ"D = 6tZ<p, (8101)

where

3, = a 10, — 3104) . (8.102)
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We also need the ordering constraints

Dapcp = 20uDpcep, (8.103)
Lap = 20uls . (8.104)
Aap = 204Ap), (8.105)
Bap® = 204Bp"°, (8.106)

which vanish because of the definitions of the first-order variables (GAIHELA).

The subsidiary system now takes the form

0100 — 0p0°

12

—20pB5 44, (8.107)
01204 — OpZB, ~ %83 (.AAB + LB+ DB — QDCBCA) ,(8.108)

0, Zy¢ — 0gZB% ~ 0, (8.109)

to principal parts (~). We clearly recognize the wave operator of equation
(B99) on the left-hand-sides of (RIOTHRTIOY). The ordering constraints on
the right-hand-sides of (BIO7HRIOY) are not present in (899); they are a
consequence of the first-order reduction we used to derive the Z(2+1)+1
system. Analytically of course, the ordering constraints vanish, but this may
not obtain numerically and so we have to include them in the subsidiary
system. Fortunately, the ordering constraints propagate along the normal
lines:

0. Dapcp = 0,Lap = 0 Aap = 0,845 = 0. (8.110)

Constraint-preserving boundary conditions are obtained by requiring the
incoming modes of the subsidiary system to vanish at the boundary. If p14 is

the unit outward-pointing normal to the boundary and L denotes contraction
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with ps (cf. section B4]), the conditions read

0o +60. —2B. 44 =0, (8.111)
Zoa+ Zia+5(AaL + Lar +Darc® —2Dc.1%4) =0, (8.112)
7P+ 7.9=0. (8.113)

We now express these conditions in terms of regularized Z(2+1)+1 vari-
ables and in linearized theory. The time derivatives of the Z vector (BI0TI)
are substituted using the evolution equations (E3IHE33). The boundary

conditions at r = rya. can be written as

Oliy = 0,[0 —2B." = Dy, — 1?5, — Dy + Dy + Z,]
= 0.[-2B,* = 7D, + 2D, + s, — Z.] (8.114)
+1r Y (Dyrr + Dysz — 3Dy — Zp + 6) + 415,
Oliy = O Y +Xer +Xez — 0 — Doy — 7,
= O.[xps —7Dyrs] =Y — 17D, (8.115)
Olis = Olxm — 2(A. +2D.,, — D... +rs, — 2Z.)]
= 0.[2x + 7Y — 0 — (A, — D,.. + 2D,y 4 125,)] (8.116)
—r s — 82,

Olieg = OB +22%]=—-0,E* —3r'E". (8.117)
For the z = 2.« boundary we find

8,7;[;73 - 8z [9 - QTBTT — 2DZT’T’ — TS, + TDT’TZ + ZZ]
= ar[_QBzr + Drrr + Drzz - Dzrz - Zr + T2<§r] (8118)
_'_T_l(Bzr + Dypr + Dy — 3D, — 7, + 63) + 4rs, ,

.y, = O0.[rY +2xpr — 0 — 1Dy — Z.]

= Oxrz = Darz] + 77 (Xoe + D2r) (8.119)
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82’[1—,5 = az [sz - %(Ar + Drzz + T2§r — 2Zr)]

= O [rY 4+ Xor + Xoo — 0 — %(Az +D,..+7s.)] (8.120)
+Y + .,
Oy = 0.[E* 422 =—-0,E" —3r'E". (8.121)

As in section B3 these boundary conditions are again prescriptions for the
normal derivatives of the incoming modes. The conditions at the z = 2.
boundary are regular at » = 0 provided that the on-axis conditions hold
(table BI). We have verified that equations (RITAHRTIT) and (RIIS-RIZT)
are satisfied identically by the exact solutions of chapter [ This is as it
should be because the constraints vanish for an exact solution and so do the

incoming modes of the subsidiary system.

8.5 Gauge boundary conditions and summary

To complete the boundary conditions derived so far in sections and B4
we have to prescribe boundary conditions for the gauge variables o and 34.
Because we are free to specify the gauge in any way we like, this procedure
is essentially arbitrary. The simplest choice would be absorbing boundary

conditions for the gauge modes,

I; =0, (8.122)
L, =1,=0. (8.123)
Provided that the gauge parameters are chosen to be those of harmonic gauge
(f=p=d=a=1,m = 2), equation ([BI22) is satisfied identically by the
exact solutions of chapter [, but equations (BIZ3) only hold to leading order

in =t (z71).
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Can we construct gauge boundary conditions that are all satisfied iden-
tically by the exact solutions? In harmonic gauge, the lapse a and the
components of the shift 4 each satisfy a wave equation to principal parts:

in linearized theory,

O’ — 0pdPa ~ 0, (8.124)
o}t —og0Ppt ~ 0. (8.125)

This is clear from the harmonic gauge condition (E39) but can also be verified
directly from the linearized Z(2+1)+1 equations (section [[]). It is important
to note that harmonic gauge is the only choice of gauge parameters for which
one obtains a closed evolution system for the gauge variables.

We can now construct boundary conditions for (RI2Z4-RTI2H) in a similar
way as we did for the constraint evolution system (B0d), which also formed
a wave equation. In order that the waves in the gauge variables leave the
computational domain without causing reflections, it is reasonable to set the

incoming modes of (BI24HRTZH) to zero at the outer boundaries, i.e.

da+da = 0, (8.126)
Bt +0o.84 = 0, (8.127)

where as usual L denotes a derivative normal to the boundary.

Substituting the time derivatives using the evolution equations ([CIHZITI)
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we obtain in the r-direction

0 = A —2Xp — X2 — 7Y + 20
= 1y, (8.128)
0 = 2B +r '8 — A, —D,,. +2D,,, — 1’5, — 4s + 22,
= —ly =I5 25+ 2lo; + 170" —4s, (8.129)
0 = 2B~ A, +2rD,,. — 2D, + D... +2r 'H,,
—rs, + 27, (8.130)
= —l; — 2l0,6 + 2’/‘_1H7»Z .
Equation (BI28) is simply an absorbing boundary condition for l;. How-
ever, (8129) is more problematic because it specifies [; in terms of I7 5, of

which only the normal derivative is known if we impose constraint-preserving

boundary conditions (8IT4]). What happens though if we take a time deriva-
tive of (BRIZRHRIZ0)? Equation (BIZX) becomes

Oly = —0.A. —r7 A, (8.131)
As for (BI29), terms 0,0y and 0,17 ; will appear (recall that [ and [;; are

eigenfields in the r-direction both with speed 1 in the harmonic case). These

can be eliminated using (BI31)) and (8ITd)). The result is
Oy = 0.JA.+2(=B,” + B." = Dy + 2D.yy + 15, — Z)]
+r'[A, +22rB." + Dy + Dy — 3D, — Z, (8.132)
+2r23, + 4s)] .

Thus we have managed to obtain a prescription for the normal derivative of

[; in terms of tangential derivatives and source terms. The time derivative

of (BI30) becomes

- z DT a —1 z r
&lﬂ = 0,[2(B.,” —rB,")|+ 4D, + 2r " (B,” — B."). (8.133)
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Applying the same procedure in the z-direction yields

8.1y = =0 A —r A, (8.134)
8zl; = ar[Ar + Q(Brz + Drrr + Drzz - Dzrz + 7257" - Zr)]
+7§71[Ar + Q(Brz + 2Dzrz + Drrr + Drzz - 3Dzrz (8135>

+4r%5, + 65 — Z,)],

9.1, = 0.2(rB." — B.”)] +4(B,” — s.) . (8.136)

These equations are regular on axis because of table

As expected, the boundary conditions (BIZTHRIZF) and (RIZIHRTIIG)

are now satisfied identically by the exact solutions.

Summary. Using information about the Newman-Penrose scalar Vg (sec-
tion B3), the constraint propagation system (section B4 and the gauge
propagation system (section ), we have obtained a total of 9 boundary
conditions for each outer boundary. The conditions all specify the normal
derivatives of the incoming modes in terms of tangential derivatives and
source terms.

We have checked that the boundary conditions are satisfied identically
by the exact linearized solutions of chapter [ except for the two outgoing-
radiation boundary conditions, whose residuals are of the optimal order of
= (279).

Since the linearized Z(2+1)+1 system with dynamical shift has 9 incom-
ing modes, we have a complete set of boundary conditions specifying all the
incoming modes of the system. In the vanishing shift case, one deletes the
boundary conditions for I; and [ and obtains a total of 7 conditions, which
is again the required number.

It is a fortunate coincidence of axisymmetry that the numbers work out
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in such a convenient way. In the case without symmetries, there are more
characteristic variables and hence more boundary conditions are required.
For instance, there are 6 additional pairs of light cone modes [23]. This
problem can be addressed by considering instead of ¥ the evolution system
of the electric and magnetic parts of the Weyl tensor, which leads to the right

number of boundary conditions for the light cone modes [8§].

8.6 Fourier-Laplace analysis

Having derived a set of boundary conditions in sections B:3HRT the question
arises whether the associated initial boundary value problem is well-posed.
Because the boundary conditions are not of the dissipative type (B4Tl), the
standard theorems mentioned in section do not apply.

We now prove a necessary condition for well-posedness of the IBVP in
the high-frequency limit using the Fourier-Laplace technique [73]. This limit
is also known as the WKB approximation, or geometrical optics. It implies
that we may neglect the source terms in the linearized Z(2+1)+1 equations
against the flux terms. Harmonic slicing is used (f = 1,m = 2), and we
consider first the case of a vanishing shift vector.

To begin with, it is convenient to rewrite the linearized Z(2+41)+1 equa-
tions (section [[T]) in characteristic space, i.e., as evolution equations for the
characteristic variables. This can easily be done with the help of a computer
algebra programme using the transformation between conserved and charac-
teristic variables (section B]). The characteristic form of the equations has
the advantage that it is the same both for characteristic variables in the r-
direction and in the z-direction (this has been checked explicitly). Hence we

use general indices | and ||, where either (z+, zll) = (7, 2) or (z*, zl) = (2, 7).
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The coordinate normal to the boundary under consideration is z* and the
one parallel to it is zll. The characteristic variables refer to the z-direction.

Neglecting the source terms, we find

Olor = N+ 15—l =1, =1 +13), 8.137
Oloo = 16||(l15+ll5) 8.138
Olos = —20y(=loy — U+l + 1T+l +1f), 8.139
Aloa = —300(, + 1), 8.140
dlos = —50)(=1; +1f), 8.141

atl0,6 = 07
atlo,'? = 07

(8.137)
(8.138)

( )

( )
(8.141)

( )

( )
oty = FOLliy —O)(loa —log) (8.144)
iy, = FOU, o), ( )
Oy = FOUlis— 8”([01+2l03+l04—l05+l07) ( )
W, = FOUT, — 30 (—lox + 2005 +loa+los+lo7), ( )
iy = FOoulis— a||(2102+106) ( )
Oy = FOLsF O, ( )
( )

8tljf = :Fallf + 8”[075 .

We can solve these equations by means of a Laplace transformation in
time and a Fourier transformation in the z!l direction. That is, we write the

solution as a superposition of modes of the form
u(t, 2t 2l) = a(zt)esttior (8.151)

where s € C, Re(s) > 0. Substituting this into (BI37HETR), we obtain a set
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of ordinary differential equations in the coordinate z* coupled to algebraic

conditions. For simplicity we set

fzwxl, ¢

€lw

: (8.152)

(we may assume w > 0 because we are only interested in high frequencies)

and we leave out the hats on the transformed variables.

Substituting (B152) into (RIZTAHRIAT) yields the following algebraic con-

ditions for the zero-speed modes:

lo, = —2—2(ll3+l13 Iy = =15 +17), (8.153)
e = —5(lis+105), (8.154)
log = —qe(=ln =Gy s+, + 1), (8.155)
loa = —5(l+141), (8.156)
s = —&(=17 +1f), (8.157)
los = 0, (8.158)
loz = 0 (8.159)

These can now be used to eliminate the zero-speed modes in the Fourier-

Laplace transform of (ETZZHETH0):

3§lf1 = :Faﬁ Fi(loa — lo7)

= FCG F el 1), (8.160)
Oy, = FCI, +ilfs, (8.161)
aﬁlfs = :FCZ13 T3 (501 +2lo3 + loa—los +1o7)

= FCh F (s + 1), (8.162)
8§lf4 = i LT3 ( log + 2los + loa+los + loyr)

= FI5 ATt 2<(l1_,4 + lf,4) 5 (8.163)
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aflliﬁ = :FCZ15:F (2l + log)

= T¢I 15 T 2<(l1_5 +1 5) (8.164)
Ol = FCle—ilf,, (8.165)
Ocly = T¢Iy —ilos

= FClF - 5=l + 1) (8.166)

This system of ODEs decouples into the following 2 x 2 blocks:

Ol )" = Myl )7, (8.167)
Oc(Irg, 173)" = Mi(lis, If)", (8.168)
Oc (i IF)" = Ml lf )", (8.169)
Oc(lis, IF5)" = Mi(lis 15", (8.170)
Oc(l7, 1) = My(ly,10)", (8.171)
Oc(Iro, 16)" = Ma(lig li)", (8.172)
Oc (i, 176)" = Ma(li o 1i6)", (8.173)
where the matrices M; are given by
1 1 1 1
| STE % M= | STE T
N U N 1 1)’
2¢ 2¢ 2¢ 2¢
i —C i
Mz = C. , My= C . (8.174)
—1 _C —1 C

Each matrix M; has eigenvalues £\ where

A=+/1+ 2, (8.175)

with the sign of the square root chosen such that Re(A) > 0 for Re(¢) > 0.

The corresponding solutions of the ODEs have a {-dependence of exp(4AE).
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We only admit solutions that are L? in the interior and so we have to exclude
the exp(—A¢) solutiong because they blow up as { — —oo. The (right)
eigenvectors of the M; with eigenvalue +\ and hence the admissible solutions

of the ODEs are found to be

(o))" = (=1, (¢ =17, (8.176)
(s la)" = ae™(=1,(¢C=NH)T, (8.177)
(i lf)" = ase®(=1,(¢C =17, (8.178)
(s li5)" = ae™(=1,(¢C = MN*)", (8.179)
U7 00" = ase®(1,(¢—N))", (8.180)
(o ls)" = age™ (=i, ¢ = A", (8.181)
(o) = are (i, ¢+ A", (8.182)

and the general admissible solution is a superposition of these with arbitrary
complex constants a;.

In order for the IBVP to be well-posed, the constants a; have to be
uniquely determined by the boundary conditions, for all { € C with Re(¢) >
0. Otherwise, there exists a nontrivial solution for some ¢ with Re(¢) > 0,

which after reversing the Fourier-Laplace transformation takes the form
ut, 2t 2ll) = a(zh)er i) (8.183)

Here w can be arbitrarily large. Hence no estimate of the form (8Z3) holds,
and the IBVP is ill-posed.

The boundary conditions we want to impose consist of the outgoing-

radiation conditions ((8&9IHR92) and ([B95HEIA)), the constraint-preserving

31t is more common in the literature to have the boundary at ¢ = 0, with ¢ > 0 being

in the interior, in which case the opposite sign of A has to be chosen here.
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conditions ((8ITAHRITT) and (RIT8HRIZI)) and the gauge boundary con-
dition for the lapse function ((I31]) and ([BI34)). In characteristic space

and after performing the Fourier-Laplace transformation, these boundary

conditions can be written as

Oelyy = —4(2loy + 27+ 3li5 — If5)
= el +ls—lia—Ha— 1y +1f) (8.184)
_%(3li5 - lfs) )
Ol = %(liG + 1) ; (8.185)
Belis = —i(—los — 23— loa+los — lo7)
= 5elliz+13), (8.186)
Oeliy = —i(—los — 2075
= s, (8.187)
Ocliy = —5(=log— Iy —lig+ 1, +27)
= —5(=lny — s + 1, +207), (8.188)
Oelig = —3(a+ 1), (8.189)
Ocl; = —ilos
= —5e(=lF +1f), (8.190)

where we have again used the algebraic conditions (RI53H8THT) to eliminate
the incoming modes. (It does not matter whether we choose (L, ||) = (r, 2)

or (L,]|) = (z,r), the result is the same.) Inserting the superposition of

EBITHRTIRZ) into (BINAHRTION), we obtain the following relations for the
coefficients a;. Equation (BI80) yields

0= —Xay + 2—14[1 — (¢ = MN)?ay = Cay, (8.191)
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where we have used (BI7H). Hence as = 0 because Re(¢) > 0. Similarly,
BTa0) becomes

0= )\CL5 + 2—1<[—1 + (C — /\)2]615 = —CCL5 (8192)
so that a5 = 0. Equation (BI8J) tells us that
ay = —i/\ag . (8193)

Inserting the results for a, ay and as into equations (BIR4) and ([BISN) leads

to the following linear system for the coefficients a; and as:

N e (P ap

A , =0. (8.194)
5 1(2¢2+1) as
Its determinant is found to be
Di(¢) = —5C*(C+ ). (8.195)

D1 (¢) # 0 because Re(¢) > 0 and Re(A\) > 0. Hence a; = ag = 0 is the only
solution. The twist subsystem ((8IZH) and (BI8J)) implies that

ATEE=N S “ | =o. (8.196)
3 AC+A) =3 ar
Its determinant is
D5(¢) = 1[C(4¢% + 3) + A(4¢* + 1)]. (8.197)
Let us multiply this with
Dy(¢) = F[C(4C* +3) — A(4¢* + 1)), (8.198)

obtaining

A~

Dy(¢)Ds(¢) = 55[¢*(4¢% +3) = (1+ (A" + 1) = =55 # 0. (8.199)
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Hence also D5(¢) # 0 for all ¢ € C.

We conclude that the only solution that satisfies the boundary conditions
is the trivial one (a; = 0Vi), and thus we have proven a necessary condition
for well-posedness of the IBVP in the high-frequency limit.

It should be stressed that the above determinant condition is necessary
but not sufficient for well-posedness. If the boundary conditions are alge-
braic, a stronger condition called the Kreiss condition [93] is sufficient: the
IBVP is well-posed if the determinant of the coefficient matrix is uniformly
bounded away from zero for Re(¢) > 0. This condition is not satisfied in our
example, as equation (BI3H) clearly shows. Even if the Kreiss condition is
satisfied, this does not guarantee well-posedness of the IBVP if the boundary
conditions are differential as in our case. A counter-example can be found in
[TT7]. Furthermore, we have only investigated the limit of high-frequencies.
There could well be an instability for low frequencies where the source terms
may not be neglected.

In the above analysis, we have assumed that the shift vector vanishes.
The algebra in the dynamical shift case turns out to be considerably more
complicated — the system of ODEs no longer decouples into simple 2x2 blocks
as in equations (RIGIHRITI). A REDUCE programme has been written to
carry out the calculation in this case. Of course, the twist subsystem is
unchanged. Remarkably, the determinant of the coefficient matrix for the
remaining system turns out to be (up to a constant factor) again D; defined
above (BI90)! Hence the same stability result applies in the dynamical shift

case.
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8.7 Numerical experiments

In the preceding sections, we have developed three different sets of boundary

conditions:
e absorbing boundary conditions (section B2.2])
e dissipative boundary conditions with zero Z vector (section BZ3)

e differential boundary conditions (the combination of sections R3],

and B3

We now perform some numerical experiments to assess the performance
of these boundary conditions in practice. The ideal boundary conditions
would be numerically stable (i.e., no “blow-up” of the numerical solution
occurs) and they would minimize spurious reflections. These originate when
the wave arrives at the outer boundaries. The reflections then propagate
in and grow in amplitude as a consequence of cylindrical polar coordinates
(the time-reverse, an outgoing wave, loses amplitude as it travels out in these
coordinates). The maximum of the reflections occurs when they reach the
origin, i.e., approximately two light-crossing times after the pulse is emitted
from the origin.

To measure the reflections, we use the exact linearized solutions of chapter
[ as a test problem and monitor the numerical error. The three test problems

we look at are

e the even-parity non-twisting quadrupole solution (section [[3Tl) evolved

with vanishing shift

e the same evolved with dynamical shift
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e the even-parity twisting octupole solution (section [} here the shift

does not enter the linearized evolution equations)

For all the runs, the resolution is taken to be 32 points in both spatial
dimensions and the outer boundaries are placed at rp.c = Zmax = 5. The
mode functions are of the form (ZI0H) with amplitudes Fy = Gy = 1074, The
outer boundaries are not very far out compared with the width of the initial
pulse (= 1) and the resolution is rather low, but this suffices for our purposes
here. The amplitude of the reflections decreases approximately linearly as
Tmax and zyay are increased and it is nearly independent of the resolution. The
qualitative comparisons we draw between the different boundary conditions

below are robust under changes of these parameters.

8.7.1 Numerical method

The interior grid points are evolved in the same way as in section In
particular, fourth-order numerical dissipation is added at all interior points
unless otherwise stated. This implies that we need two layers of ghost cells
at each boundary.

In all cases, the outgoing and zero-speed characteristic variables v* are
computed from the conserved variables u at the outermost interior cells and
are linearly extrapolated to the ghost cells.

For the dissipative (absorbing and zero-Z) boundary conditions, the in-
coming modes at the ghost cells are then set in terms of the outgoing and
zero-speed modes there using the dissipative boundary conditions ((BZ4l) or
R®Z6-R29), respectively). Finally the ghost cells are transformed back to
conserved variables.

The differential boundary conditions have the form (we write out the
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r-direction, the z-direction follows by symmetry)
Ov- =0.f+s (8.200)

and are discretized as described in section EE13), equation (EE2Z3). We have
also implemented the second-order discretization (EZZ6) but in the cases in
which the boundary conditions were unstable, the instability showed up ear-

lier when using that discretization.

8.7.2 Numerical results

The quadrupole solution with vanishing shift. Consider first the non-
twisting quadrupole solution (section [L3]) evolved with vanishing shift vec-
tor. Figure shows the L? norm of the error for the variable s and the
constraint 6 (the qualitative results are similar for the remaining variables).

As expected, the reflection-induced peak of the error occurs after two
light-crossing times, at t &~ 10. The zero-Z dissipative boundary conditions
cause much stronger reflections than the absorbing boundary conditions, par-
ticularly for the constraints. This is somewhat surprising because we argued
in section that the zero-Z boundary conditions are satisfied by the exact
solution, in contrast to absorbing ones. However, the zero-Z boundary con-
ditions are not constraint-preserving and are indeed highly reflective because
they form Dirichlet conditions for the wave equation (B09). Both types of
dissipative boundary conditions (absorbing and zero-Z) are stable.

The differential boundary conditions perform best in minimizing the re-
flections. However, at late times (¢ 2 20) the error begins to grow exponen-
tially. In an attempt to cure this instability, we tried applying second-order
dissipation (f69) instead of fourth-order dissipation (E64]) near the bound-

aries (at the outermost interior cells and along the first ghost layer). This
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Figure 8.1: Test of boundary conditions for the quadrupole solution with vanishing shift.
L? norm of the error as a function of time for the variables s (top panels) and 6 (bottom
panels). Left panels: absorbing (dashed) and zero-Z (dotted) boundary conditions, right
panels: differential boundary conditions without (dashed) and with (dotted) modified

dissipation near the boundaries. For comparison, the solid lines show the error if the

exact solution is imposed at the boundaries.
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(a) (b)

Figure 8.2: Instability of the differential boundary conditions (quadrupole solution with
vanishing shift). (a) L? norm of the error as a function of time for the variable s. Solid line:
without modified dissipation near the boundaries, dashed line: with modified dissipation
near the boundaries, dotted line: same as solid line but with twice the resolution. (b) The

variable s at t = 25.

postponed the blow-up to a later time but could not eliminate it completely
(see the right half of figure BTJ).

In order to determine the nature of the instability, we performed the same
evolution again but with twice the resolution. Figure BZh shows that the
instability sets in earlier and with a higher exponential growth rate. The ratio
of the growth rates is found to be 2.00+£0.02. This suggests that the numerical
solution behaves like ~ exp(at/h) at late times. The dependence on the
grid spacing h means that the instability is not present in the continuum
problem but is caused by the finite-differencing used. Modified second-order
dissipation near the boundaries reduces the growth rate but cannot eliminate
the instability (for no value of 0 < ep < 1). So far we have not found a stable
discretization. Figure indicates that the instability might emanate from

the outer corner. A more careful treatment of the discretization at the corner
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Figure 8.3: Test of boundary conditions for the quadrupole solution with dynamical
shift. L? norm of the error as a function of time for the variable s. Left panel: absorbing
(dashed) and zero-Z (dotted) boundary conditions. Right panel: differential boundary
conditions without (dashed) and with (dotted) modified dissipation near the boundaries.

The solid lines show the error if the exact solution is imposed at the boundaries.

will be required (one-sided differences are used in (E23)).

The quadrupole solution with dynamical shift. The results for the
evolution with a dynamical shift vector are similar (figure B3)). With regard
to the avoidance of reflections, the differential boundary conditions perform
better than the absorbing ones, which in turn are better than the zero-
7 dissipative boundary conditions. (We do not display the constraint 6
here because it is affected by the linear drift of the error (section [CH) and
differences between the boundary conditions are hardly visible.) Again, a
late-time instability occurs for the differential boundary conditions, which
can be postponed but not eliminated by modifying the numerical dissipation

near the boundaries.

The twisting octupole solution. The twisting octupole solution (section

[C7) is the only test problem for which the zero-Z dissipative boundary con-
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Figure 8.4: Test of boundary conditions for the octupole solution. L? norm of the
error as a function of time for the variables B¥ (top panels) and Z¢ (bottom panels).
Left panels: absorbing (dashed) and zero-Z (dotted) boundary conditions. Right panels:
differential boundary conditions (dashed). The solid lines show the error if the exact

solution is imposed at the boundaries.

ditions outperform the absorbing ones (figure B4). The differential boundary

conditions are about as good, and in this case they are also stable.

8.7.3 Conclusions

We conclude that in all cases, the differential boundary conditions do the best
job in reducing reflections from the outer boundaries. However, their non-

twisting part suffers from a late-time instability, which appears to be caused
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by the particular discretization that is currently used. For the time being,
the differential boundary conditions cannot be used in numerical simulations,
at least not for a long time (one might switch to more stable boundary
conditions at late times, see section [1.2).

As expected, the boundary conditions of dissipative type are stable in
all cases. With regard to reflections, absorbing boundary conditions clearly
outperform the zero-Z ones for the nontwisting subsystem. For the twist
subsystem, the zero-Z boundary conditions are marginally better.

In section B2 the boundary conditions are further tested from the point

of view of mass conservation.



Chapter 9

Adaptive evolutions of
nonlinear generalized Brill

waves

The numerical evolutions with the Z(241)+1 system presented so far were all
linear. In this final chapter, we turn to nonlinear evolutions of axisymmetric
gravitational waves in vacuum. A nonzero twist is included and hence we
refer to the problem investigated here as generalized Brill waves.

We begin by explaining our choices of initial data and gauge in section
[Tl The pros and cons of the different gauge conditions are discussed and
the need for adaptive mesh refinement (AMR) is demonstrated. A 3-grid
convergence test is performed in section L2 indicating the accuracy of our
implementation. Once we form a black hole in supercritical Brill wave evo-
lutions, we would like to detect it, and so we describe our method of finding
apparent horizons in section @3 Our results on adaptive evolutions of both

sub- and supercritical generalized Brill waves are presented in section

201
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9.1 Initial data and gauge choices
Our method of generating initial data is similar to the formalism used in
chapter Bl We take the initial 2-metric to be conformally flat,

Hup = ¢* 5. (9.1)

Free data is prescribed for the Z(2+41)+1 variableﬂ s, a and

BY =y°?B®. (9.2)
We choose Gaussian profiles
s = —Aren|-(G2)T - G2 (9.3)
B? = Aprzexp [—(U:B )2 — (é)Q] : (9.4)
o = 1 Agexp |- - G2 (9.5)

Note that the factors of r and 2 have to be included for the correct behaviour
at small 7 and z (as before, we impose reflection symmetry about z = 0).
Unless otherwise stated, we take all the widths o to be 1 and A, = 0. The
variables x 45, Y and E# are chosen to vanish initially. As already mentioned
in section B, this initial data is more general than Brill’s orginial one [32]
(which has zero twist, Ap = 0) but is still time-symmetric, so that the term
generalized Brill waves is justified.

The momentum constraints (B:21l) and the Geroch constraint (B52) are
automatically satisfied for this choice of initial data. The Hamiltonian con-

straint (B50) takes the form
0 = Y+t +(s+rs,+ ,,,71)% +7rs ),
+i[rs,,nr +4s, +2r s+ (s +rs,.)  + s, + 12820

+1—167“2627"SB‘P2 . (9.6)

Note that the Z(2+1)+1 definition of s differs from the one in chapter B by a minus

sign.
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This elliptic equation is solved for the conformal factor ¢ using Multigrid
(section L3)). Note that the variable B¥ has been conformally rescaled ((.2).
Otherwise B¥ would be multiplied with a positive power of ¢ in (L6), the
equation would not be linearization-stable, and Multigrid would fail to con-
verge (cf. section BH). After solving the Hamiltonian constraint, the original
variable B¥ is formed and the derivatives of the 2-metric are computed nu-
merically.

Next the question arises which gauge in the family of generalized harmonic
gauge conditions (section [E2) one should use in order to evolve this initial
data. The vanishing shift case and the dynamical shift case turn out to
behave in a completely different way, as illustrated by figure @Ik whereas
the variables clearly show a wavelike behaviour and eventually assume their
flat-space values in the dynamical shift case, they settle down to a non-
trivial static solution in the vanishing shift case (we shall see below that
this is also Minkowski space, but in non-standard coordinates). A similar
residual “lump of gauge” for harmonic slicing with zero shift has also been
reported by Eppley [49]. The explanation for this lies in the fact that in pure
harmonic gauge (i.e., including a dynamical shift), all the variables obey the
wave equation to principal parts (section E2), which does not hold in the
vanishing shift case. The linear evolutions in chapter [ were wavelike even
for vanishing shift only because the initial data was taken to be that of the
exact solution. It is not clear which restrictions one has to impose on general
initial data such that this property extends to the nonlinear case. These
difficulties were our main motivation for adding dynamical shift conditions
to our original paper [I19].

In order to convince ourselves that the final state of the vanishing-shift

evolution is indeed Minkowski space, we need to compute the curvature. A
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(a) dynamical shift (b) vanishing shift

Figure 9.1: The variable s at time ¢t = 8.75 for a Brill wave with amplitudes A; = 1 and
Ap = 0 using harmonic gauge with (a) dynamical and (b) vanishing shift vector (gauge
parameters f =d = p=a =1, m = 2). Single grid with 64 points in each dimension,

Tmax = Zmax = O-
useful quantity to look at is the Kretschmann scalar
I =WR,45,5Y ROV (9.7)

evaluated at the origin r = z = 0, where we expect the curvature to be
maximal. To simplify the calculation, one can first note that when computing
the Riemann tensor for a general metric of the form (2220]) and finally setting
r = 0, the ¢t, ¢r and ¢z components do not contribute. We also assume

that the shift vanishes. Hence we consider the metric

—a? 0 0 0
0 Hrr Hrz 0

gaﬂ = . (98)
O Hrz sz O

0 0 0 r2H,.e*s

For this we compute the Riemann tensor directly using REDUCE, substitut-

ing the evolution equations for the time derivatives. The resulting expression
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Figure 9.2: The Kretschmann scalar I as a function of time for a Brill wave with

amplitudes A; =1 and Ap = 0 using harmonic slicing with vanishing shift.

is manifestly regular. It contains up to second-order spatial derivatives of the
metric, i.e., first-order derivatives of the first-order variables (CAIHERS). To
second order in the grid spacing h, it is consistent to evaluate I at the in-
nermost grid point r = z = h/2 and to set u, = 0 for a variable that is
even in r and u, = 2u/h for a variable that is odd in r (and similarly for z).
Figure shows that I for the above evolution starts off at a large value of
~ 200, then drops rapidly and after a few bounces settles down at a constant
small value of &~ 2 (this is mainly determined by the time step and decays
as it is decreased). This suggests that the curvature of the final state indeed
vanishes.

Unexpected difficulties occur for strong waves (amplitudes Ag = 3, irre-
spective of Ag). In the dynamical shift case, the solution blows up exponen-
tially as the waves travel out. The first variables to grow are the constraints
0, 7., 7., and soon after all the remaining variables are affected. The blow-up
occurs at z = 0 (where most of the variables have their extrema), well away
from the axis r = 0. We have checked that the location and growth rate are
essentially unchanged as the resolution is increased. Hence it is likely that

we are faced with a continuum instability.
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Motivated by work of Brodbeck et al. [33], Gundlach et al. [70] have re-
cently proposed the addition of constraint-damping terms to the Z4 equations

(6.1,
Rag + QV(O(ZB) — HCD(QH(QZB) — gaﬁrﬂZy) =0, (9.9)

where n, is the unit timelike normal to the foliation and kKcp > 0 is a con-
stant. After performing the Geroch and ADM reductions, this implies that
we should add the following terms to the right-hand-sides of the Z(2+1)+1

equations:
Enﬁ = ...— QKZCD (9, (910)
EnZA = ---_KCDZA, (911)
EnZ(’O = ...— KcD ZK,O’ (912)
‘CnXAB = ...— KCD HHAB. (913)

The authors of [70] showed that in the high-frequency (or geometrical op-
tics) approximation, all constraints are damped exponentially if the damping
terms are included, except modes that are constant in space. Recently, con-
straint damping has been used successfully in binary black hole simulations
[TT2]. However, we found that it could not eliminate the blow-up in the grav-
itational wave evolutions with dynamical shift considered here, for any value
of kep. It should be stressed that the analysis in [70] is only valid for high-
frequency constraint violations. It is unclear if the inclusion of such damping
terms renders the constraint manifold Z, = 0 an attractor if the wavelength
of the constraint violations becomes comparable with the curvature scale, as
is expected in nonlinear gravitational wave evolutions. We have also tried
eliminating all nonlinear couplings with the Z vector in the source terms of
the Z(241)+1 equations, again without any improvements. Hence harmonic

gauge with dynamical shift appears to be unusable for the problem at hand.
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One is faced with a different obstruction when using a vanishing shift
vector: the occurrence of steep gradients and highly distorted waves. This is
not surprising if we recall that the coordinate characteristic speeds depend
on the spatial metric: the physical speeds in section were computed for
the projection of the flux vector along the unit normal to the boundary,
F+ = FA%,. For the r = ry. boundary, for example, py = 5,47’/@.
Hence the coordinate speeds in the r-direction (corresponding to the r-
component of the flux vector, F") are obtained from the physical speeds
by multiplying with v/H'". If the metric is wavelike as in the dynamical shift
case, then it is essentially constant when averaged in time, and the charac-
teristic speeds should be uniform across the grid on average. If however the
metric is essentially static and non-constant as in the vanishing shift case,
then there can well be regions in which the characteristics converge (signals
to the left travel faster than those to the right for a right-moving wave), and
steep gradients can build up.

It has been claimed by Alcubierre [ 8, B] that under certain circum-
stances, true discontinuities can develop when using hyperbolic gauge con-
ditions, so-called gauge shocks. Our results strongly suggest that this is not
the case in our problem, provided that we choose the gauge parameter to be
f = 1. We do observe a steep gradient in the profile of the lapse function

a, or equivalently, a sharp peak in the variable A4, = a~!

o, which travels
out at the speed of light. However, if we switch on the adaptive mesh re-
finement (section EH) and sufficiently refine the region around the gradient,
we can show that the peak is completely smooth (figure B3). Its height in-
creases as one increases the amplitude A,. We have checked that the peak

is well-resolved during the entire evolution even for for the largest ampli-

tudes considered in section [0l This would not be possible on a single coarse
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(a) (b)

Figure 9.3: The variable A, = a~'a, at time ¢t = 1.72 when the spike reaches its
maximum height, for a Brill wave with amplitudes A; = 4 and Ap = 0, using harmonic
slicing with vanishing shift. (a) shows the base grid, (b) the finest grid containing the

spike. The base grid resolution is 64 points and 4 levels of refinement are added.

grid: there the feature looks like a “delta-function” and the finite-difference
code would crash because of the Gibbs oscillations that this causes. Hence
adaptive mesh refinement appears to be crucial in order to be able to evolve
radiative spacetimes with harmonic slicing and zero shift. Preliminary re-
sults indicate that for parameters f # 1, the peak in the gradient of the
lapse becomes narrower and narrower during the evolution, which ultimately
crashes the code. This is in agreement with the work of Alcubierre, who
showed that generalized harmonic slicing will always develop gauge shocks

for f < 1.

9.2 Convergence test

Unlike in linearized theory, no exact solutions are known for nonlinear Brill

waves and so the method of testing the convergence of the code used in
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section is not applicable. However, we can perform a 3-grid convergence
test based on Richardson extrapolation. As explained in section EEO we

h

estimate the error e” on a grid G" with grid spacing h by

e" ~ f(u?h —u"), (9.14)

where u” denotes the numerical approximation on G". This involves inter-
polating the approximation from G?* to G", and it is important to use an
interpolation scheme that is more than second-order accurate in order not to
affect the leading order of the error estimate (we use biquadratic interpola-

tion). Similarly, we can estimate the error on G?* by

(ut? — u?). (9.15)

For a second-order accurate code, the ratio of the errors should be
o2 1/ lle" | ~ 4. (9.16)

where we use the discrete L? norm and all variables are summed over.

We evolve a twisting Brill wave with amplitudes A, = Ag = 1 using har-
monic slicing (f = 1, m = 2) with vanishing shift. The coarsest grid has a
resolution of 32 points, with the outer boundaries placed at r,,0: = Zmaz = 5.
The Courant number is taken to be 0.5. First we can check that the initial
data solver works correctly. The estimated errors on the two finest grids ob-
tained via Richardson extrapolation are 9.91 x 1073 and 2.25 x 1073, yielding
a ratio of 4.40. The constraint residuals (evaluated independently from the
Multigrid solver) are 5.11 x 1072, 1.28 x 1072 and 3.23 x 1073, with ratios 3.99
and 3.96. This is perfectly second-order convergent. Next we look at the evo-
lution of the errors and constraints. Figure [@.4 shows the estimated errors as
well as the residuals of the Einstein constraints (B220HZ52), the Z constraints
0 =7, =7,= 7% =0 and the differential constraints associated with the
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definitions of the first-order variables (G.OIHE.LF). The results indicate not
perfect, but approximate second-order convergence up to one light-crossing
time (¢ = 5). At this point we switched from differential boundary conditions
to absorbing ones (chapter B) in order to avoid the instability of the former
at late times. This leads to a loss of convergence and an increase particularly
of the constraint residuals — this is what we expect because the absorbing
boundary conditions are not constraint-preserving. However, we do achieve
a stable evolution in this way.

A useful quantity to monitor during the evolution is the ADM mass, the
mass of an asymptotically flat spacetime measured at spacelike infinity. This
can be derived by writing the Hamiltonian constraint (B:50) in linearized

theory in conservation form
kp = Va4, (9.17)

where V denotes the flat-space connection and the current J4 is given in our

variables by

J' = =D,y — D,.. + D.,, — 1?5, — 3s, (9.18)

J* = rDp.—2D. 47 H,, — 15, . (9.19)

The ADM mass is then defined by an integral over a 2-surface S, at spacelike
infinity,
Mapy = K / JAd%S, (9.20)

d?S, denoting the area element on Ss,. We choose the S, to be aligned with

the grid boundaries,

MADM = lim % <

70,20—00

S adr| o otz Y (9.21)

We have verified that we obtain the same result for the ADM mass if we

start from the standard expression found in the literature [102], which is
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Figure 9.4: 3-grid convergence test for a Brill wave with A, = Ap = 1. The resolutions
are 32 points (dotted), 64 points (dashed) and 128 points (solid) per dimension. Shown
are as functions of time the L? norms of (a) the estimated error on the two finest grids;
(b) the Einstein constraints, (¢) the Z constraints and (d) the differential constraints on

all three grids.

only valid in Cartesian coordinates, and carefully transform it to cylindrical
polar coordinates.

In the numerical implementation, we evaluate the integrals in (21) at
70 = 0.97max, 20 = 0.92max (a few grid points away from the outer boundaries
in order to reduce the influence of possible reflections). One would expect
the ADM mass to be constant until the wave reaches the outer boundaries
of the computational domain and to drop afterwards. This is confirmed by

figure @5a, which shows the ADM mass as a function of time on the three
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Figure 9.5: The ADM mass as a function of time for a Brill wave with A; = Ap = 1.
(a) 3-grid convergence test as in figure @4}, (b) absorbing (solid) vs. differential (dashed)

boundary conditions on the finest grid.

grids. The higher the resolution, the longer the mass is conserved. In order to
study the influence of the boundary, we perform another run with twice the
domain size, leaving the surface of integration (the “detector”) at the same
location (figure [L@). This shows that the initial drop of the numerically
evaluated ADM mass at ¢t &~ 4 is indeed caused by the wave passing through
the detector rather than by reflections from the boundary. However, the
(unphysical) negative value of the ADM mass at ¢ = 6 appears to be a
boundary effect — this is less severe in the run with twice the domain size.
It turns out that the ADM mass is extremely sensitive to the outer bound-
ary conditions we impose, and we can use this to assess the various choices
of boundary conditions that are available. Figure shows that the differ-
ential boundary conditions of chapter [ perform very well in this respect but
that absorbing boundary conditions are not very mass-conserving at all. This
is what we expect because the differential boundary conditions are designed
such that no incoming radiation enters the domain from the outside, whereas

this does not hold for absorbing boundary conditions. For this reason, we
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Figure 9.6: Dependence of the numerically evaluated ADM mass on the location of the
outer boundary for a Brill wave with A; = Ag = 1. Solid line: Tmax = Zmax = 5, dashed
line: Tmax = Zmax = 10. In both cases, the integral (2] is evaluated at rg = zp = 4.5.

The resolution is 64 points per dimension and differential boundary conditions are used.

henceforth use differential boundary conditions as long as we can and switch

to absorbing ones at late times just before the instability sets in.

9.3 Apparent horizon finder

Once a black hole has formed in our numerical spacetime, we would like to
be able to detect it. An indication of black hole formation is the existence of
trapped surfaces, i.e., closed two-surfaces whose outgoing null geodesics have
zero expansion (“light cannot escape”). The outermos@ trapped surface in
a given spacelike slice is called the apparent horizon. Since only the data on
a given spacelike slice is required, apparent horizons can be determined at
each time step during a numerical simulation.

The (future) event horizon is defined to be the boundary of the causal

past of future null infinity. This is a global property of spacetime: in contrast

2Tt can be very difficult to verify that a trapped surface is the outermost one. Often

the terms “apparent horizon” and “trapped surface” are used synonymously.
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to an apparent horizon, the event horizon can only be determined if the entire
future development of the given slice is known, i.e., at the end of a numerical
simulation.

Under certain technical assumptions, the existence of an apparent horizon
implies the existence of an event horizon containing the apparent horizon in
its interior [79]. Unfortunately, the converse is not true: one can construct
slicings of Schwarzschild spacetime such that there is no apparent horizon
[T39], although an event horizon does of course exist. However, generally an
apparent horizon is a good approximation to the event horizon. In particular,
the two coincide in stationary spacetimes.

In the following, we shall focus on apparent horizons and derive an equa-
tion determining the horizon in the (2 4 1) 4 1 formalism.

Suppose we are given an apparent horizon H on a three-dimensional space-
like hypersurface @)%, Let s* be the outward-pointing unit normal to the

horizon, ) Jap the metric on Gy,

3 gos = Gas + Nang (9.22)

)V the covariant derivative of that metric, and ®) K op the second funda-

mental form,

O Koy =~ 9, D g, nir). (9.23)

From the unit spatial normal s* to the horizon and the unit timelike
normal n® to ¥, we can construct the future-pointing outgoing null vector
field

[* =n"+ 5. (9.24)

The expansion O of the null vectors is given by the (four-)divergence of [*

projected into the hypersurface H,

0 = (Wg? — 52"V, . (9.25)
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Substituting (@24]) into (ZH) and using the definition of the second funda-
mental form (Z23)), we obtain [145]

0 =0V, + WK 35%" — O K. (9.26)

For an apparent horizon, this quantity has to vanish.
We would like to write equation (26) in (24 1)+ 1 form. The first term

on the right-hand-side can be rewritten as
OV, 5% = dys? + A LsA90 . (9.27)

Using the definitions of &) K op [E23) and x.s B30), we can express G K of
in terms of (2 + 1) 4+ 1 quantities:

B K 0p = Xap T A 2Ea€p)w” + A2 E5K,7 . (9.28)
Hence we obtain the apparent horizon equation in (2 + 1) 4+ 1 form,
das? + X150\ + yapsts® — y — K,2=0, (9.29)

which is clearly an equation in .
Since the horizon is a closed curve in ¥ N N, we can parametrize its

coordinates as z# = 2*(7). The horizon normal is then given by

dz® dzA dzB\ V2
A AB _
=NH —_— N=|Hsyg——— . 9.3
5 B dr ’ ( AB qr dT) (9.30)

Let us also introduce the unit tangent to the horizon,

A
A Nd:p

- N—. (9.31)

Clearly, t*s4 = 0. Differentiating that relation, we obtain

0 = dB(tASA):SAdBtA+tAdBSA

=0 = tFsadpt? +tPtdpss = tPsadpt? + H*Bdpsa, (9.32)
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where in the last step we have used that the two-metric can be written as

HAB = s4sB 4+ tAtB and that s4s* = 1. Hence we find

dASA = —tBSAdBtA = —tBSA (8BtA + FABCtC)

A’z dzP dz? dx¢ daP
= —N°|ean 2 dr + GAB?——FACD] , (9.33)

dr dr dr
which agrees with [T04, eqn. (2 -23)].
In practice, we choose the parameter 7 to be the spherical polar angle G.H

The cylindrical polar coordinates of the horizon are

vt =r=R(0)sinf, 2°=z= R(f)cosb, (9.34)

where the spherical polar radius R(f) is the unknown function we need to
determine.
With these definitions, (29) becomes a nonlinear second-order ODE for
R(6),
f(0,R(0), R'(8), R"(0),u(R(6),6)) =0. (9.35)

Here u denotes the vector of (241)+1 variables. We require that the horizon

be smooth on the axes, which implies Neumann boundary conditions
R(0)=R'(3)=0 (9.36)

(note again that we impose reflection symmetry about z =0 < 6 = 7).

We cover the interval [0, 7] with a uniform cell-centred grid consisting of

Ny points with grid spacing hy = Ny Second-order accurate centred finite

differences are used to discretize the derivatives of R(6),

Ré - (RiJrl - Rifl) )

_1
2h

R} — #(Riﬂ —2R; + R;1), (9.37)

3This parametrization only works when the apparent horizon forms a star-shaped do-

main with respect to the centre.
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where 1 < ¢ < Npy, and ghost cells are employed to implement the boundary

conditions (F30),
Ry =Ry, RNH+1 = RNH . (938)

The nonlinear two-point boundary value problem (.35HI36) is solved using
the Newton-Raphson method. At each step of the iteration, we approximate

the Jacobian matrix

_ 9fi

Ji; = 9.39
numerically by a difference quotient
Jij ~ 52z [fi(Rj + AR) — fi(R; — AR)] . (9.40)

Fortunately, the discretization (37THI3Y) yields a tridiagonal Jacobian ma-
trix, which can be solved exactly in O(Ng) operations using the Thomas
algorithm [T09].

We have tested our apparent horizon finder for a Schwarzschild black hole

of mass M in isotropic coordinates,

M —2R\? M\*
ds? = — (Wﬂi) de? + (1 + ﬁ) (dr? + d2® + r2dp?) . (9.41)

Its horizon is a sphere of radius R = M/2.

Figure @7 shows the convergence of the Newton iteration. Here we have
chosen the mass to be M = 4 and the initial guess for the horizon to be
a sphere of radius Ry = 1. The algorithm converged for initial radii Ry €
[0.05,4.5]. One could probably enlarge the radius of convergence by including
a line search in Newton’s method [109]. The radius and rate of convergence
turn out to depend crucially on the displacement AR used to evaluate the
Jacobian matrix (@40). The best performance was achieved by choosing
AR =~ 0.5Ny'R. As seen in figure @7 the final error and residual settle

down at a constant level after a few iterations. This is mainly determined
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Figure 9.7: Test of the apparent horizon finder for a Schwarzschild black hole of mass
M = 1 and initial guess R = 1 for the horizon radius. The horizon grid resolution is
64 points, the data grid resolution 128 points in each dimension, with rpax = Zmax = 5.
Shown are (a) the approximation to the horizon shape after each Newton iteration and
(b) the L? norms of the residual of the apparent horizon equation (solid) and the error

with respect to the exact solution (dashed) as functions of the iteration number.

by the resolution of the grid holding the (2+1)+1 variables, from which the
data is interpolated.

If a spacelike slice does not contain an apparent horizon, the approxima-
tion typically shrinks to a point and we stop the iteration once its radius is
smaller than one grid spacing.

If an apparent horizon is found, one can compute the mass M of the black

hole via the (proper) horizon area Ap: the area radius is defined as

An
Ry =14/— 9.42
A AT ( )
and the horizon mass is then given by
M = %RA. (9.43)
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The area can be calculated as
Ag = 27T/ Ads, (9.44)
6=0
where A is the norm of the Killing vector and ds is the line element of the
horizon curve,
dzA dzB

d82 = HAB@@dHQ . (945)

For our test problem above, the algorithm determined the mass to be M =
4.00014, corresponding to a relative error of 3 x 1075.

One should remark here that formula (£Z3)) only holds for non-rotating
black holes. For rotating black holes, it has to be replaced with

M RY +4J4, (9.46)

" 2R,

where J is the angular momentum of the black hole (see e.g. [45] for a dis-
cussion in the isolated horizon framework). However, axisymmetric initial
data on a spacelike slice Y that does not contain any trapped surfaces has
zero angular momentum in vacuum. (Angular momentum in axisymmetry
can be defined in an unambiguous way by the Komar integral [00] associated

with the Killing vector &,

J=r" f dS,zV*Er (9.47)
()3

and a little calculation shows that this vanishes in vacuum by virtue of the
angular momentum or Geroch constraint (B52)). Angular momentum con-
servation implies that if a black hole forms when evolving such initial data,
it must also have zero angular momentum.

With regard to the relation between angular momentum and twist, one
should note that a nonzero angular momentum implies a nonzero twist, but

not the other way around.
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9.4 Adaptive collapse simulations

In this final section, we present some evolutions of strong Brill waves close
to the threshold of black hole formation. The initial data is taken to be that
of section @Il We focus on non-twisting waves here (Ag = 0). Amplitudes
A, in the range 4 < A, < 6 are considered. The width of the pulse is taken
to be 0,5 = 0,, = 1. The same initial data was chosen (in a 3D code) by
Alcubierre et al. [6] and (in an axisymmetric code) by Garfinkle and Duncan
[62]. The former authors determined the critical amplitude of black hole
formation to be A¥ = 4.85 £ 0.15 and the latter reported 4 < A% < 6.

The two codes used different gauge conditions (maximal slicing with zero
shift vs. maximal slicing with Wilson shift (cf. section Bl)) but the critical
amplitude should of course be independent of the gauge. Our gauge condition
is again different: we use harmonic slicing (f = 1,m = 2) with zero shift.
It is found empirically that by choosing the initial lapse function to have a
slight dip at the origin, A, ~ 0.5 in ([@3), the initial rise of the peak in the
gradient A, of the lapse function is less drastic (about half the growth rate),
making it easier for the code to cope with this feature.

Adaptive mesh refinement is used with a refinement criterion based on
truncation error estimation as described in section 2.3 A reasonable value
for the threshold of the L? norm of the error appears to be 0.1. The largest
values attained by the variables during the evolutions are of the order of 102
so that the threshold corresponds to a relative error of ~ 1073, We have also
experimented with “ad hoc” refinement indicators such as a combination of
the quantities h?A, and h?0 (some power of the grid spacing h has to be
included here so that the algorithm does not refine indefinitely). The first
quantity ensures that the gauge peak is tracked during the evolution, the

second one takes highly oscillatory features close to the origin into account
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Figure 9.8: Typical AMR hierarchy in strong Brill wave evolutions: the variable Y at
time ¢ ~ 3 for the amplitude A; = 5. Only a quarter of the base grid is shown. The high

resolution region on the right coincides with the position of the gauge peak.

that typically lead to constraint violations, particularly of the variable 6.
This refinement criterion gave similar results as the one based on truncation
error estimation. We decided to use the latter in order not to lose track of
features that cannot be controlled with the “ad hoc” criterion. Figure 0.8
shows a typical AMR hierarchy. The resolution of the base grid is taken to be
128 points in each dimension and up to three levels of refinement are added.
This is the minimum number of levels needed in order to keep all features
well resolved. Two levels are used ab initio in order to keep the residual of
the Hamiltonian constraint at a tolerable level close to the origin.

The outer boundaries are placed at rpax = Zmax = D. This is sufficient
for supercritical evolutions A, = 5, which do not produce much gravitational

radiation because the wave essentially collapses. For the dispersing waves
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with A, < 5, the results should only be trusted until times ¢t ~ 10, after which
the solution becomes dominated by reflections from the outer boundaries. As
explained in section @2 we start with differential boundary conditions and
switch to absorbing ones at t = 3.5.

All the parameters — resolution, location of the outer boundaries, evo-
lution time — should be enlarged considerably in the future if more power-
ful computer equipment is available. The runtime for the strongest wave
(As = 6) presented here was ~ 6 hours on a 3 GHz single-processor ma-
chine, and the code is still in the testing phase. The code would have to be
parallelized in order to make efficient use of multi-processor architectures.

The following plots refer to Brill waves with amplitudes A, = 4, 5 and
6. The corresponding ADM masses are Mapy = 0.48, 0.67 and 0.94. Figure
9 shows the logarithm of the lapse function at the origin as a function
of time. Whereas the lapse eventually returns to its flat-space value for the
Ag = 4 evolution as the wave disperses, it continues to collapse for the A, = 6
evolution. The code could not be run long enough (for reasons discussed
below) to determine the final fate of the A, = 5 wave. This qualitative
behaviour of the lapse in the three evolutions is consistent with the results of
section 07 (figure BE3), where a very different formulation was used. It also
agrees with [6] and [62]. The claim that the A; = 4 wave disperses and the
Ay = 6 wave collapses is further substantiated by figure B9b, which shows
the evolution of the Kretschmann scalar I (8.7) evaluated at the origin. This
quantity decays at late times in the A, = 4 case and grows exponentially
in the A; = 6 case, which indicates that a singularity is approached. The
Kretschmann scalar is still highly oscillatory at the end of the runtime of the
near-critical A, = 5 evolution.

No apparent horizon was found in the supercritical A, = 6 evolution
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Figure 9.9: (a) Logarithm of the lapse function at the origin and (b) Kretschmann
scalar at the origin as functions of time for amplitudes A; = 4 (solid), 5 (dashed) and 6

(dotted).

during the runtime of the simulation (until ¢ ~ 5.7). To make sure that this
is not caused by bad convergence of the apparent horizon finder, we used
a sequence of circular trial curves spanning the entire domain of interest as
initial guesses. There appeared to be a trend for the average expansion of
curves with radius ~ 1 to decrease but we would have to wait a little longer
for it to pass through zero. Alcubierre et al. [6] report the formation of the
apparent horizon at ¢ = 7.7 in their coordinates.

In order to see why the simulations crashed, we display the L? norm of the
Z vector as a function of time in figure (the remaining constraints be-
have in a similar way). For near- and supercritical evolutions, the constraints
begin to grow exponentially fast at late times. This growth then affects all
the other variables and ultimately leads to a breakdown of the numerical
evolution. The growth mainly occurs close to the origin across a rather large
spatial scale (again, this is not a high-frequency instability). The growth rate
is robust under variations of the Courant number (we used At/h = 0.5 for

the results presented here) and of the resolution, which indicates that we are
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Figure 9.10: L2 norm of the Z vector as a function of time. (a) The A, = 4 (solid),
5 (dashed) and 6 (dotted) evolutions with constraint-damping constant kcp = 4, (b) the
As = 6 evolution with xKcp = 4 (solid) and 0 (dashed).

faced with a continuum instability. Figure demonstrates that the onset
and growth rate of the instability depend only weakly on the location of the
outer boundary. This suggests that the predominant source of the constraint
growth is the formulation of the equations in the bulk, not the boundary
conditions.

We included constraint-damping terms in the evolution equations as de-
scribed in section @l Figure shows that this does have a positive
effect: the growth rate of the constraints is smaller if a nonzero kcp > 0 is
chosen. For large values kcp 2 10, however, instabilities at the outer bound-
aries quickly developed. A good compromise appeared to be kgp ~ 4. For
no value of kcp could constraint-damping eliminate the exponential growth
completely. We also tried setting Z* = 0 every few timesteps (a simple exam-
ple of “constraint projection” [83]). However, the increase in the constraint
variables became increasingly rapid after the projections, again ultimately
leading to a blow-up of the numerical solution.

The development of more sophisticated methods for controlling the growth
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Figure 9.11: Dependence of the constraint growth on the location of the outer boundary.
Shown is the L2 norm of the Z vector as a function of time for a Brill wave with amplitude
As = 6. Solid line: rmax = Zmax = 5, dashed line: rmax = zZmax = 7.5. (No constraint

damping is included here.)

of the constraints in this formulation of the Einstein equations will be cru-
cial in order to be able to evolve long enough such that interesting physical
phenomena can be studied. The work of Abrahams and Evans [I] suggests
that critical behaviour will not set in before ¢t 2 20 (although this will be
gauge-dependent).

To close on a more positive note, we demonstrate that we can evolve
twisting spacetimes as well. Figure shows a few snapshots of the variable
B¥ for an evolution with amplitudes A, = 4 and A = 2. As pointed out
in section B2 the evolution equations for the twist variables are essentially
Maxwell’s equations and as expected, we see a wavelike behaviour, although
a rather complicated one because the twist system is now coupled to the

remaining evolution equations in a nonlinear way.
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Figure 9.12: Evolution of the twist variable B¥ for a strong generalized Brill wave with

amplitudes A; =4 and A = 2.



Chapter 10

Conclusions and outlook

10.1 Conclusions

This thesis has been concerned with formulations of the Einstein equations
suitable for the numerical evolution of axisymmetric spacetimes, mainly fo-
cusing on the vacuum geometry.

We started out by trying to understand why many previous attempts to
evolve these spacetimes failed because of instabilities on the axis. This led to
a detailed study of the behaviour of the components of axisymmetric tensor
fields with respect to cylindrical polar coordinates, given that the components
with respect to Cartesian coordinates were regular in a neighbourhood of the
axis.

In order to exploit the axisymmetry and simplify the system of equa-
tions as much as possible, we first performed a dimensional reduction to the
Lorentzian three-manifold formed by the trajectories of the Killing vector.
This manifold was then foliated into spacelike hypersurfaces by an ADM
decomposition, arriving at what is known as the (241)+1 formalism [T00].

We included general matter sources and rotational degrees of freedom, which

227
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have been neglected in previous numerical studies.

The first evolution system we presented adopted elliptic gauge conditions
arising from maximal slicing and conformal flatness of the two-metric, as
previously considered in [49, 62, B1]. The hyperbolic evolution equations
were integrated using the method of lines with second-order finite differ-
encing, and the elliptic equations were solved using an efficient Multigrid
algorithm. In strong field situations the Multigrid solver failed when try-
ing solve the Hamiltonian constraint and the slicing condition during the
evolution. This was explained in terms of a lack of diagonal dominance of
the discretization matrix. In addition, an analytical investigation indicated
that the equations concerned might actually be ill-posed in the sense that
they are not linearization-stable. If on the other hand we used free evolu-
tion, the constraints suffered from a severe numerical violation. We showed
that the constraint evolution system was in fact ill-posed in this case. These
observations led us to consider a partially constrained evolution scheme, in
which only the momentum constraints were solved but not the Hamiltonian
constraint and for which the elliptic equations were well-posed. Using this
modified scheme, we were able to evolve strong Brill waves and estimated the
critical amplitude of black hole formation by looking at the collapse of the
lapse function. For the first time, a nonzero twist was included. The runtime
of the code for near-critical evolutions is at present limited by the resolution.
Adaptive mesh refinement would be needed to explore the critical behaviour
more closely.

The problems we experienced with this mixed hyperbolic-elliptic system
motivated the search for a completely hyperbolic formulation of the Einstein
equations. We used the Z4 formalism developed by Bona et al. [23] but
applied it to the (2+1)41 formalism, arriving at what we called the Z(2+1)+1
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system. Generalized harmonic gauge conditions were included, both with
vanishing and dynamical shift vector. We wrote the equations in first-order
form as conservation laws with sources. The system was shown to be strongly
hyperbolic and, for one choice of parameters, symmetric hyperbolic. By a
judicious choice of dependent variables based on our study of the behavior
of axisymmetric tensor fields, we were able to write the equations in a form
that was well-behaved on the axis and suitable for numerical evolutions.
The incompatibility of the harmonic shift conditions with axisymmetry was
addressed by adding a suitable gauge source function.

As a first test problem for our implementation, we considered exact so-
lutions of linearized theory. The quadrupole waves of Teukolsky [132] were
expressed in terms of Z(2+41)+1 variables and the two polarization states
were understood in terms of twisting and non-twisting solutions. In addi-
tion, we derived a new even-parity twisting solution with octupolar angular
dependence. The solutions were shown to satisfy the Z(2+1)+1 equations
provided that the gauge parameters and gauge source functions were chosen
such that transverse-traceless gauge and (generalized) harmonic gauge are
compatible. Second-order convergence of our code to the exact solutions was
demonstrated up to the point when the waves interacted with the boundary.
Whereas the error decayed with time in the vanishing shift case, it grew lin-
early if a dynamical shift was used, the cause of which would need further
investigation.

Next we discussed various choices of outer boundary conditions. The
dissipative boundary conditions we considered included absorbing boundary
conditions and boundary conditions with vanishing Z vector. A study of the
Newman-Penrose scalars and the constraint and gauge propagation systems

led to a set of differential boundary conditions, where the normal derivatives
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of the incoming modes were prescribed. Whereas dissipative boundary con-
ditions have been proven to be stable subject to certain restrictions on the
hyperbolic system [IT5, [[24], those theorems do not apply to the differential
boundary conditions. Hence we analyzed the latter using the Fourier-Laplace
technique. This suggested that our differential boundary conditions were sta-
ble in the high-frequency limit, although it could not rule out a low-frequency
instability. Numerical evolutions of the linearized solutions showed that the
dissipative boundary conditions were stable as expected but that (the non-
twisting part of) the differential boundary conditions suffered from a late-
time instability, which appeared to be a finite-difference instability rather
than a continuum one. In minimizing spurious reflections from the outer
boundaries, the differential boundary conditions performed better than the
absorbing ones, which in turn outperformed the zero-Z boundary conditions
in most cases.

Finally, we turned to nonlinear evolutions of generalized Brill waves (in-
cluding twist). Initial data was generated in the same way as for the hyper-
bolic-elliptic system by requiring that the 2-metric be conformally flat and
that the extrinsic curvature be zero initially. When using harmonic slicing
with zero shift, subcritical initial data of this type evolved to a nontrivial
representation of Minkowski space. Adaptive mesh refinement turned out to
be essential in order to resolve the highly distorted waveforms that occurred
as a consequence of this. We showed that for pure harmonic slicing (f = 1),
no gauge shocks appeared. A 3-grid convergence test was carried out for a
moderately strong Brill wave, and a study of the numerical conservation of
the ADM mass showed that differential boundary conditions are superior to
those of dissipative type in this respect. Adaptive evolutions of near-critical

Brill waves were then performed. We obtained bounds on the critical ampli-
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tude by looking at the evolution of the lapse function and the Kretschmann
scalar at the origin. These are consistent with the results obtained with our
hyperbolic-elliptic system and by other authors. The simulations could not
be run long enough yet for an apparent horizon to form in the supercritical
case. The main limitation to the runtime is currently an exponential growth
of the constraints. The inclusion of constraint-damping terms [70] in the
evolution equations decreased the growth rate but could not eliminate the
blow-up completely.

In a sense, the situation is more complicated in Z4-like formulations than
in different approaches because extra constraint variables (the Z vector) are
introduced. Only solutions with Z = 0 are solutions of the Einstein equa-
tions, but it is not at all clear whether the constraint manifold Z = 0 is an
attractor in the fully nonlinear case. On the other hand, terms homogeneous
in the Z vector can easily be added to the evolution equations without af-
fecting the characteristic structure (in general, this is not possible in more
conventional approaches). It is quite possible that constraint additions will

be found in the future that eliminate the constraint blow-up completely.

10.2 Outlook on future work

Once the growth of the constraints is under control, we will hopefully be able
to tune closer to the critical point of black hole formation and to evolve long
enough so that the potentially interesting physics that occurs at the threshold
can be studied. Apart from comparing with the results of Abrahams and
Evans [T}, 2], we would like to find out whether a nonzero twist might modify
the critical behaviour. Another question that should be addressed is whether

highly distorted initial data can lead to the formation of naked singularities
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in Brill wave collapse [3], 62].

Our long-term goal is to include matter in the form of a perfect fluid.
This is much more interesting physically because perfect fluid spacetimes
can carry angular momentum. When studying the gravitational collapse of
a rotating fluid, the question arises what happens with the angular momen-
tum at the threshold of black hole formation. A perturbation analysis by
Gundlach [68] predicts that for a slightly non-spherical and slowly rotating
fluid, the critical solution will be the spherically symmetric one, which for
the ultrarelativistic equation of state was found by Evans and Coleman [1].
According to Gundlach, the angular momentum in supercritical evolutions
will obey a similar power-law as the black hole mass ([LT]), and an expression
for the dependence of the angular momentum exponent on the mass expo-
nent and the equation of state has been derived. It would be very interesting

to probe those results numerically.



Appendix A

Perfect fluid

In section B3, we derived the evolution equations for general matter in the
(24+1)+1 formalism. Here, we specify the matter model to be a perfect fluid.
We write the equations in conservation form and work out their characteristic
decomposition. The transformation from conserved to primitive variables is

cast in a form that helps avoid superluminal speeds in numerical simulations.

A.1 Conservation form

The matter evolution equations (BBIHZTIL BETl) can clearly be written in

conservation form (with sources and a common advection term),

du + [—ﬁAu + aF"(u)] ,=aS(u). (A.1)

)

Following [13], we replace py with px = py — o (kinetic energy) and regard

as the set of conserved variables

u = (pg, Ja, J?, 0)". (A.2)

233
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The fluxes are

FPe = JP =37, (A.3)
FP,. = S, (A.4)
FPr = SP, (A.5)
FP, = ¥P, (A.6)

and the source terms are

So = (ZA—TIND's+ La) + K97+ p) + xapS*P

—JAYA 4 xpr + N EAS, (A7)

Sjy = —Sap(AP + LB) + Ja(x + K,?) + 2B4% Jp
—Aupy + Lam + N2(EqJ¢ + e4pSPB?), (A.8)
Sre = —(D'4+3La)S* + J?(x +3K,%), (A.9)
S, = —(D'A+ L)Y +o(x+K,%). (A.10)

We use the notation of section for the first-order derivatives of the metric.

A.2 Matter model

To evaluate the characteristic structure, we need to specify the matter model.

Here, we consider a perfect fluid with four-velocity u®, normalized such that

uqu® = —1, (A.11)

rest mass density p, pressure p and internal energy €. The dependence of the
pressure on the density and the internal energy is given by the equation of

state

p=ppe). (A.12)



APPENDIX A. PERFECT FLUID 235

With those definitions, the number density is
N = pu® (A.13)
and the energy-momentum tensor is given by
7% = phu®u® + pg™® (A.14)
where h is the specific enthalpy,
_ p
h=1+e+=. (A.15)
p
The Lorentz factor is defined as
W= —-un,. (A.16)

Observers who are at rest in a slice X(t) (i.e., who have four-velocity n®)

measure a coordinate velocity

v = Wt Mue, (A.17)
and the angular velocity is

0¥ = W IAT2Eu”. (A.18)
Hence we obtain the familiar relation

W= (1-v%)"12, (A.19)

where

v? = vavt + NP2 (A.20)

The variables

w = (va,v%, p,p, €, h, W) (A.21)
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are called primitive variables. Note only five of these are independent because
of (A12), (AIH) and [(ATJ). The conserved variables can be expressed in

terms of the primitive variables as

p = phW? —p—pW,

JA = phW2vA7
J? = phW?? (A.22)
o = pW,

and the remaining matter variables are

T = phW?2 ¥ 4 p,
S4 = phWQUS"vA ,
Sap = phW?vasvg 4+ pHag, (A.23)

EA = pW?}A.

A.3 Characteristic decomposition

The characteristic decomposition for 3+1 general relativistic hydrodynamics
was first derived by the Valencia group [I3]. The application to our (2+1)+1
system is straightforward. Note however the additional source terms that
occur in our case. Our method differs slightly from [I3] in that we choose a
general orthonormal basis (u4, 74) in two-space as in section and project
vectors along p (index L) and 7 (index ||).

Following the notation of [54], we introduce a few abbreviations. From

the equation of state ((AI2]), we form

X = — K= — hcgzx+£/1, (A.24)
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where ¢, is known as the sound speed. Also set

p vy — AT 1— 22
Klo1_% ’ Vizis’ Aizii’
K 1 —wv AF 1 —wv AF
CE=v, —VE, &=1-v7, (A.25)

A=W -K e —c.

Our definitions of ¢ and A differ from those in [54] by a factor of A? to ensure
regularity on axis. We have defined K~ instead of K to allow for the special
case of the ultrarelativistic equation of state ([A37), for which ' = 0. As
a consequence, A above has been multiplied by £~! and the characteristic
variable Iy, has been divided by K !.

The system is found to be strongly hyperbolic. The characteristic speeds

in the p-direction are

)\0 = vy,

1
o= e {ua-a)

1 — 022
e/ (1 02) (1 - 02e2) — 07 (1 - )} (4.26)

The characteristic variables [ (corresponding to the left eigenvectors) are

w
lO,l = 1_7](:_1{h0' - W(O’ +pK)

‘|‘W(7JLJL + ?J”J” -+ )\21)“0(]90)} , (A.27)

1
l0,2 = h_S —U||(0' + pK) + UL’U”JL + (1 — Ui)JH} , (A28)

1
log = he {—v“"(cr +px) FvfurJ 4+ (1 — vi)J“"} , (A.29)
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;= %{K—lhwviga + [T —AF - (2-K Y] Sy
+(2 = KYYVEWE (v J1 + o)) + A0 J?) (A.30)
+ (KT =1) (—o + VEW2E - 1))

—W2VE] (o + pK)} . (A31)

The inverse transformation (corresponding to the right eigenvectors) is given

by

o = ﬁlo,l + W (vyloo + Nv®los) + 17 + 17, (A.32)
J = /C_lvllm + QhWQUL(U”l(),Q + A20%l 3)
+hW(CtIF +CLy), (A.33)
Ji = K 'oylog + hloa + 20W v (vjlo2 + N 0¥l 3)
+hWoy (I +17), (A.34)

JSD = IC_lv“"lo,l + hl073 + QhWQUSO(U”lO’Q + )\21}('0[073)

AW (IF +17), (A.35)
1
pK = <IC1 — W) l(],l + W(QhW - 1)(1}”[072 + )\2'0901073)
+hW (AL + A7) =1 =1 (A.36)

A.4 Transformation from conserved to prim-
itive variables

The conserved matter variables ([A.2)) are the ones that are evolved in a
numerical algorithm. To compute the remaining matter variables ([A23)

and the eigenvectors, the primitive variables have to be calculated from the



APPENDIX A. PERFECT FLUID 239

conserved variables in an intermediate step. This transformation is much
more involved than the opposite direction ([A22). To make it explicit, we
have to specify an equation of state. Here, we consider the ultrarelativistic

equation of state,

p=[T=1)pr =T =1)ple+1) = %ph, (A.37)

where p;o; is the total energy density.
Suppose we are given the conserved variables, and also form py = px +o0.
Consider the quantity
JE = JpJA 4 NP (A.38)

Using ([(A22), (A37) and [A1J), we can express J? and py in terms of the

primitive variables as
I \2
J? = (ﬁ) PPWAEW? —1),
r

pg = P (ﬁwz - 1) . (A.39)

Eliminating W yields an equation for the pressure in terms of conserved

variables:

p=—20pu +\/45%% + (T — D)(ph — %), (A.40)
where § = (2 —1T")/4. Next define

(F — 1)JA
I'p ’

(T —1)J¢
I'p ’

X4 = X2 = xax! + A (A41)

\?
We identify x4 = W2v4 and x¥ = W?2v¥ and hence with ([(AI9) we obtain

W s (ViT e - 1) (A.42)
This now enables us to calculate the velocities,

va =W x4, v? =W 2%, (A.43)
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The form of W2 in (AZ2) guarantees that |val, [v?| < 1. This is most
important since evolved speeds greater than unity (i.e., greater than the
speed of light) can easily cause the numerical code to crash.

Finally, we can calculate the specific enthalpy and rest mass energy den-

sity from (A222) and (A237),

J¥ Iy
soew P TR

(A.44)

A similar method of calculating the primitive variables to the one de-

scribed here is used by Choptuik and Neilsen [106, 105] and Hawke [Z1].



Appendix B

Regularized conservation form

In this appendix we write out the fluxes and sources of the regularized con-
servation form (EI6H) of the Z(2+1)+1 equations. The equations were gen-
erated with the computer algebra language REDUCE [R0], from which we
created LaTeX code using the TeX-REDUCE Interface TRI [10].

To demonstrate regularity on axis, we define

rlu (B.1)

>
Il

for a variable u that is O(r) on the axis (see table i2). In terms of the
hatted variables, the fluxes and sources are manifestly regular on axis. They

are either even or odd functions of . As a shorthand, we introduce
H=H,H,, —H,> (B.2)

for the determinant of the 2-metric. We use the minimal gauge source func-

tion (G162).

B.1 Fluxes in the r direction

F'(H,)=0
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F'(Hyz) =0
Fr(H..) =0
F(s)=0
F(a) =0
F(p)=0
Fr(p)=0

A~

A~

f‘r (Drrz) = <_T2§rrﬂ7’z - Brszz

- Berrr - Bzz Arz + sz) - DTTZTQQAT

~ ~

Fr (Dzrr) - _Dzrrrﬁr

~ N ~

Fr (Dzrz) - _DzrzTQBT

Fr (Dzzz) - _Dzzzrﬁr

fr (Drrr) = aer - 205702 (Brr rr + Brzﬂrz) - DTTTTQBT

fr (Drzz) = OXzz — 20-/ <T2Bzr Arz + Bzszz) - DrzzTQBT

F(5)=a (23/" +2B,*H.'H,. + Y/) —r23§,
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F(s,) = —r?grs,

Fr(Ay) = 2axm fHLE + H  axpr® fHLYH?, + H axoo fHyy

z

+ af (TQY — m0> — 2H*1ar2>2rzf]:1rz — rzflrﬁAT
F(A) = —rA.pr

F (Bx) — H'aD, H H., (—d + 1)
1 R R 2 o
— §H*2aDmr2dH7;1HfZHZZ +H'aD,,.r*dH'H,.,
s R R 1
+ H?aD,,.r*"dH'H? + H 'aD,.. <—§d + u)
1 R X R
- §H—2aDrzzr2dHfz +H *aD,,.H'H,. (d— u)
1 X R
+ §H*2aDzwr2dH,;1Hfz — HﬁlaDzrzu
~ N 1 N
— H?aD,,.r*dH> + §H‘2aDZZZdHMHm
—1 1 2 1% 2 2 1 ~ ~
+aH,, —57“ ds, + r°us, + §aAr — w2z,
N 1 A A A N
+ H 'aH,, <—§r4dHM1HTZ§T +riH Y H, 5,
1 2 1 —1 7 1 274 217—1 1 5
+§T aA.H "H,, + 51“ ds, —r*H_"H,.puZ,

1 . 2
—r?us, — §aAZ + ,uZz) —r’grB,"
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F(B,*) = H™'aDypr? Hy Hys (d — 1)
+ %H_Zaf)rwrd‘dH,;lﬁfz - H_laﬁrrszﬂ
_ H*2alz)rrzr4dﬁfz + %HQO&DMZTMHWE’M
+H D, (—d +2p) — %H oD r*dHy,
+ H*aD,,.r*dH, H,. - %H “*aD...dH},
+ H o (%T4dﬁrz§r — 7‘4ﬁrz/i§r - %T%Arﬁm
_ %ﬁd H,,é, + 12 Hous, +r2H,. 17,

1 A A
+ iaAzHrr - Hrr,uzz) - TQﬁrBrz

Fr(B.S) = —r*pB.

Fr (Xrr) = ozlA)Mr'ng,l +H 'aD,..rH,, + H 'aD.,.rH,,

— 2H_1alA)zrer,nT + ar <r2§r + /Al,n — QZT) — errﬁr

ﬁ'r (sz) - H_laDrZZTQIA{rZ + aDzrrH;nl
1 A . N
+ §H*1aDWr2H;T1HEz — H'aD,,.r*H,,

1 1 1 5
— §H71(IDZZZHT7" + « (§T2§z + éAZ - Zz) - Tzﬁrf(rz

J%T (Xzz) - HﬁlO{DT‘ZZTHZZ - HilaDzzzT]:Irz - XzzTﬁAr

F'(Y)=H 'aD,.r*H?H?> — H 'aD,.., — 2H 'aD.,.H 'H,.,
+2H 'aD,,. + aH ! (—flr + QZT)

+ H_loz'rZﬁm <7’2Hﬁlﬁm§r — §Z> — 7’23”}7
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Fr(E")=—2H 'aH, 2% — r*3rEr

- N ~ -1 ~
Fr(E?) = 2H YarH,,2% — rrE* + (\/E) ar By

-1

Fr(B%) = =@ B2+ (VH) o (rErf. + BH..)

Fr(0) = HaD,,,wH'H., + H 'aD,..r — H'aD.,,wH, H,,
— H_laf)zmr + on“H;,l (r2§r — Zr>
+ H’lofr’ﬁm (7“4[{;11{[”@ — TQH;}IA{rzZAr

— %5, + ZZ) - T’BTG

Fr (Zr) = OZXTTH;} + H_laXzzHrr

+ « (rQY — 0) — H_lar2>2rz]:]rz — TQBATZT
Fr (Z,) = Hilaxzzfrﬁm — H'ary,.H.. — 'r’ﬁArZz

- 1 . )
Fr(z¥) = —iarET —rprz®

B.2 Fluxes in the z direction

F*(H,,)=0
F*(H,.,) =0
F*(H,.) =0
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F(a) =0
F () =0
F(5) =0

F* (Drrr) = _Drrr'rﬁz

J%Z (Drrz> = _5rrzrﬁz

F* (Drzz) = _Drzz'rﬁz

fz (Dzrr) = QXpr — 20[7‘2 (BTTHTT + BT‘ZHTZ> - Dzrrﬁz

F? (D) = ar <—7’2§T”ﬁm — B,*H,.
- BZTHT‘T - Bzz Arz + )27"2) - Dzrzrﬁz

ﬁ'z (Dzzz) = aXzz - 20& (T2ézr Arz + BZZH22> - Dzzzﬁz
F? (§,) = —r[3%5,
F*(s,) = ar <2§rr + 2§TZH;TII:ITZ + Y) —r3s,

F*(4,) = —rA, 3

F* (A,) = QaerfH,;l + Hilaxrrrsz;}I:IfZ + H axao fH,r

+af (TQ}A/ — m@) — 2H_1a7’2)2rzf[:[m — A.pB*
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F* (Brr> = —rﬁzérr

F*(B*) = —rf* B’
F*(B.") = H'aDyr H, He, (—d + 1)
— %H2al§rrr’f’3delﬁEszz
+ H_lalz)rrzrgdH;ﬂlfIm + H_Qal%rrzTSdHﬁlﬁEz
+H'aD,..r (—%d + u) - %H ~aD,..r*dH?,
+H 'aD,,,rH H,, (d — p)
+ %H2aDmr3dHM1H§Z — H'aD,.ru

A A 1 A
— HﬁQOJDzTZTsdHEZ + §H72O(Dzzz7’dHrrHrz
-1 [P 2 2 L. .
+arH,, —57’ ds, +r°us, + §aAr — w2,
A 1 A A N A
+ H ard,., <—§fr4dHM1Hrz§r + 7 H Y H,. 115,
1 A A 1 . .
+ §r2aArH;,1Hm + §r2d§z —r*H 'H,.p 2,

1 A
- r2u§z - §aAz + MZz) —rB*B,"
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F*(B#) = H'aDpyr” Hy . (d = )

+ %H 2D, dH, B, — H oD,y

_ H*2al:)rm'r’4d[:[fz + %H2&sz’f’2dHrrﬂrz

+ H ' aDopy (—d 4 2p) — %H oDy,

+ H?aD,,.r*dl, H,. - %HQaDzzdefr

+ H o <%T4dﬂrz§r —r . ps, — %"’QGATFITZ
_ %rpdeWéZ 2 Hyoué, + 2 H, 17,

1
+ éaAzHrr - Hrr,uZz) - BZB,ZZ

JTZ (er) - _H_labrrrrzﬁrz + H_laDzrrHrr - XTT’/BZ

- 1 ~ N 2 N
F* (sz) = _iHiloéDrrrTBHrirlez - HilaDrrzrerz

1 R R
+ §H_1aDT‘ZZTHT7’ + H_laDzrr’rHrz

1,2 1. -
+ ar <§r2§r + éAr - Zr) - rﬁzf(rz

fZ (XZZ) = _QQDTTZT2H7;1 - 2H71@DTTZT4H7;1FIEZ

+ H_laf)rzer]:Irz + QOszJ-L;1

+ H ' aDuyr® Hy HY 4 o (r%5, + A = 22.) — X

F? (V) = H 'ar (—rQﬁm,gr + Hm”éz) — TﬁZY
-1

F? (E") = 2H ‘arH,,Z¢ — r3°FE" — (\/ﬁ) arB¥

F*(E?) = —2H 'aH,, 2% — §°F*
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- ~ -1 ~ ~
F(B%) = =5 Be — (VH)  ar (B Hy, + B,
F? (0) = —HilaﬁTWTQHfrlﬂm — Hﬁlalz)rmﬁ“? +2H taD,,,
Y H ' (—r‘lﬁm@ N r2H, 5, + 120, 7, — HMZZ) _ 5

F(Z,) = Hilaxwrﬁm — H 'ary,.H,, — 'r’ﬁZZAr

F(Z.) = 2o HH + H Yay,, w2 H H?,

+ « (TZY — 8) — H_laTZ)QTZﬂTZ — B*Z,

F*(2%) = —%aEZ — 7

B.3 Sources

8 <H7"T) = _QaXTT =+ 40[7“2 (Brr rr + érzﬁrz>

+ QDT‘TTTQ/BAT + 2DZ'T‘T/BZ + QB\THT‘T

S (Hrz) = 2ar (TQérr Arz + BT‘Z zz + Bzr rr + Bzzf{rz - )%rz)

+ 25rrzr3ﬁr + 2bzrzrﬁz + 2’/‘Brﬁm,

S (sz) = _20-/Xzz + 4o (TQBZT Arz + BZZHZZ> + QbrzzTQBr + 2Dzzzﬁz

S (5) = ar (—2§r7" — ZBTZHT_TlﬁTZ — Y) +r (rQﬁr§r + 2678 + ﬁZ§Z>
S () = —QQZerfoTl — H*IQQXWrsz,QII:IfZ
— H'a?x..fH,, + o*f (—7’217 + m@)

+ 2H_1a2r2f<mfﬁm + <7’2121,ﬂr + Azﬁz>
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S(3) =2H'a?D,,,rH'H.. (d — 1)

+ H 202D, r*dH H? H.,

—9H 2D, dH - H,, — 2H 202D, O dH- P,

+H™'0?Dyoor (d — 2p) + H 0P D,.or®dHY,

+ 2H_1oz2Dzr,,rH7;1ﬁm (—d+ p)

— H*2a2Dzr,,r3dHr;1]:If’z + 2H*1a2f)zmru

+2H720?D,,.rdH?, — H%o?D...rdH, . H,.

+ aQTH;} (r2d§r - 2T2M§T - aflr + 2ds — 4us + 2@2})

+ H_1a27“]:]rz (r4dH;1]:Irz§,n — 27“4H7;1ﬁmu§r
— TQaArH,;lfIrz + 27“2dH;T1ﬂ,nZ§ —r2ds,
— 4r2H7;1ﬁm,u§ + 2r2H;r1FI,,ZuZT
+2r2us, + aA, — dH;}]:Irz — Q[LZZ>

— H_2a2r3dH;"1]:Ifz + 2ar (TZBTéTT + ﬁZBZT> + TﬁTQ

S(6°) =2H o’ Dyyor®H Hy (—d + 1)

— H_2a2ﬁrrrr4dH;1]:I§z + 2H_1a215rrzr2ﬂ

+ 2H_2a21:),nmr4d]:]32 — H_ZQZIA)TZZerHMﬁTZ

+2H**D,,. (d —2u) + H 202D, r*dH?,

—2H20?D,,.r%dH, . H,, + H2*D,..dH>.

+ H 'a? <—T4df{m§r + 27‘4]:Irzu§r + TZa/Alr]:Irz +r2dH,, 8,
— 2r2dﬁrz,§ — 2r2Hrru§Z + 4r2flrzu§ — QTZI;TTZMZT
— aA.H,, — dH,. + 2H,.uZ. + 31%2#)

+ H222d 3, + 20 (ﬂﬁré/ + 533;’)

S (D) = —QQDMTTB/ + 2aDzrrrBrZ + QCYTBTT o T QDTWTQAT
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S (D) = —2aD,,.7B.* + 2aD.,.rB,* + 2arB," H,. + 2D,,.r3"

S(D,.,) = —QQETZZTBZZ + 20zDZZZrBrZ

S (DZTT) = QQETTTTQBZT - QQDzTTTQBrT + QQBZTHTT + Dzrrgr

S (D) = 20D, B, —2aD,,.7B," + 2arB." H,.,

S (Dzzz) = QQDT,ZZT2§ZT - 2aDZZZT2§TT - Dzzzﬁr

S (§r> = 2ar (QBrrg + Brzg,z B Bzz§r> + 2rﬁr§r

S (s,) = 2ar (—r2§rréz +7r2B,75, + 232%)

S (A,) = 2ar (—ATBZZ + AZBrz)

N

S(A,) = 2ar? ( B, — Azérr) — ABr
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5 (B) = 20,1
+ B ax,r* B, fH, I, + H™'ax..rB," fH,,
v H oD, rH H., (Ard — A —2d3 + 4ué)
+ H_ZaﬁrrrrH,;lfIszzz (%TZATd — 2r2ds + 47“2,u§ + Qd)
+2H 3D, r*dH . H* H..
+ H'aD,, rH- H,, (—r%d + 4r2ds — 8r2us — 2d>
+ H 2D, P H HP, (—rQArd + 4r2d3 — 8r2ps — 6d>
CAH 30D, P dHVHE + H'aD, A, (%d . u)
+ H_Zozf)rzzrﬂfz <%r2fird — 2r2ds + 4r2u§ + d)
+ 2H_3alA)TZZT3d]:If2 + H_laDzrrrArHr_rlﬁrz (—d+ p)
— %H2aDzrrr3ATdHW1FI§Z + HﬁlaDzmrflr,u
b H 20D A dB2 — %H_QaDZZZrATdHWﬁm
+ ar (%TQATCZH;}@ — TZATH;};L@ + TQéTTfY
— %aflfH;l +2A.dH s — 4A, H s
v AH - uZ, — 2B,"B.* — B, fmf

+2B.B," +dH'S5, — 2H;1u§r)
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CH (%’rAdHHs A HV, i,
_ %ﬂaﬁfH;lﬁm +2r? A, dH ' H,.5
_ %Tz Avds, — 42 A H-VH, . pué
VA H D o2 2 A s, — 2B s f
+ TQdH;}]:IrZ@ - 27“2H7;1]:Irzu§r
+ %a/LAZ — AdHH,. — Az,
Y 2dH- A, — 4H;T1FITZM§)
+ H 2ar B AL (—r2And + 205 — 4125 — 2d)

—2H 3ar’dH ' HS + 27’@3%/'

z
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S (B7) = 2(]1)(TTTBTZfH7;1
+ H 'ax,,r®*B,* fH,,'H}, + H 'ax..rB," fH,,
+ H*IQDMTTH;}I:I,,Z (—7’2121,,d + T’QATILL
+2r°d3 — 4r’pud +d — 3p)
+H_2al§rrrr3H7;lﬁ§Z (—%TzArd + 2r2ds — 47“2,u§ —d— 3;z)
—2H%aD,,r°dH H,
+ H_lozl:)rrzr (rQ/Al,nu —2rds + 47“2,u§ —d+ 3p>
+ H2aD,.r B2 (r%d — 4725 + 8725 + d + fm)
+ 4H’3al:)rmr5dﬁfz
+H_2alA)TZZTHrr]:IrZ (—%TzArd + 2r2ds — 47“2,u§ +d— 3;z)
— 20 %aD,..r*dH, H?, + H'aD,,,r A, (d — 2u)
+ %H—zapmmrdggz — H2aD.,."A,dH,, H,.
+ %HQQDzZZTArdHET + oerﬁf (T’QY - m€>
+ H 'ar (—%T4Ardﬁrz§r + r4flrﬁmu§r + %r%flff[m
+ %r2ArdHrr§Z —2r?A,dH,.5 — r* A, H, 18,
+ 4’ A Hpopd = r° A HoopZ, = 20°B7 X, f Hy
— PG+ 2 Fpih, — S0 A, — Ad,.
A HypuZ, + 3A,H,op — 2dH,.5 + 4&2@)

+H %arH?, (T2Ard — 2r%ds + 4r*us + 3,u> +2H Sar*dH?,
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S(B,)) = 2CIXTTTBZTfH7;1 + H_laxrrrgézerﬁlﬂfZ
+ H ' ax..rB." fH,, + H'aD,,,rA.H'H.. (d — 1)
+ %HQQDWTBAZCZHWIFIEZHZZ
— H_lal:),nmr?’Ade;}]:Irz — H_Zal:)TTZTSAdeglfIEZ
+ H 'aD,,.rA, <%d - ,u) + %H_Qaf)mzr?’/lzdﬁfz
+H 'aD,,rH} (—Azdﬁm + Azlf]rzu
— 2dH,.5 + 4H,.18)
+H%aD,,,rH'H>. <—%T2Azdf{m — 2r%dH..5
+4r2H, s + 2dH.,,)
+2H%aD,,,»*dH'H! H..
v H 'aD.,.r <4r2dH;T1ﬁm§ —SrH s
YA 2dH,;1FITZ>
+ H_Zabzmr?’ﬁfz <4r2dH;,11ﬁIrz§ - 8r2H7;1ﬁm,u§
+Ad - 6dH7;1ﬁm>
—4H3aD,,.r°dH - H?,
+ H %aD,.,rH,, (—2r2dﬁm§ + 472 H, 8 — %AdeM
+dfl,.) + 2H . di,
+ ar <%r2Ader_T1§r — TQAZH,;}/ET + TQBzrff/
- %aATAZle +2A.dH 8 — 4AH, s

Y AH 32, — B fmb + dHZ 5, — 2Hr;1u§z>
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. 1 A A A
+H arH,., (§r4AdeW1Hm§T —r*ALH T H,. 15,

1 N ~ A
— S0 A A 4 202 A
1
——r
2
+ T2A2H;r1ﬁrzuzr + T2A2M‘§Z - 2T2§ZT>ACTZf

2A.ds, — 4 AL H -V H, 6

+r2dH H,. 5, — 20 H H, . 18,
1 ~
+ §aA§ — AdH ' H,. — AZuZZ)

— H2ar*A.dH'H?,
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S (B.?) = 20 B2 fH,  + H Yax,,w* B,” fH, HZ,
+ H ' ax..B.” fH,, + H Dy, r® AL H H,. (—d + 1)
— %HQ(XDTTTT4AdeM1ﬁ§z + Hilozl:)rm'rQAzu
+ H_Qal:)MZT‘lAzdﬁfZ - %H_ZaﬁrzzTQAdeM]:Irz
+ H 'aD,,, (2r2dH7;1fIrz§ CAHH,ué 1 Al
—2A.u+dH'H,, — 3H7;1Hmu)
+ H%aD,,2H2 (erdH;rlzf[mg A2 HVH, s
+ %Azd —dH'H,, — 3H;T1EZM)
—2H%aD,,,w*"dH'H
+ Hﬁlaﬁzm (—2r2d§ + 47“2,u§ —d+ 3,u)
FH 20D Hy (45 + 81,5 = Ay, + dH
+ Gﬁm,u> + 4H_3ozf)zrzr4dﬁfz
+H*aD,..H, <2r2dﬂm§ T %AdeM +dH,,
. 3szmﬂ> —2H%aD,..r%dH,, [,
+ <—2r2§TTBZZ + QTQBTszT + TQBszY - Bzzfmﬁ)
+ H o (—%7’4Azd[:[m§r + AL H, 1, + %r%ferzI:Im
+ %TQAZdHTT§z —2r?A,dH,.5 — r* A H, 8,
+ A2 A Hyopis — 1* A H,opZ, — 27 B f 1,
— TQdﬁméz + 2r2]:lrzu,§z - %aAgHTT
— AudH,, + AHpZ, + 3Azﬁmﬂ>

+ H2ar?AdH?, — " B.?



APPENDIX B. REGULARIZED CONSERVATION FORM 258
5 1 .. 1 1
S (er) = HOCHTT <§T2T — épK - 50’)
1 2 2 A 1 5r0 |
+H ‘ka| —r°H,.H,.,S,, + 57’ HZ.S,., + §Hrr5zz
— HilaxfTrszrlﬁfz + HilaxrrxzzHM
+ aXpr (27’21§f + 7Y — 2B.* — 26)

+ 2H_1axrr'r2§<mﬁm + H 'aD? 7’4H7;2ﬁfz

rrr
~

—2H ',y Dyror*Hy Hy + H ' Dy, D,y

— H*QQDMTDTZJ“E@ — 4H*1al§,ﬁr,ﬂf)zmr2

—2H%aD,,,D,..»*H% + 30 2aD,,,D,..r*H,,H,.

+ alA),WH;} <—T4§T + QTQAT —2r25 — QTZZAT — 1)

+ H_laﬁTTTTQFIrz <T4H7;1]:Irz§r + T‘QATH;}]:L,Z
+2r?H YH,.5 — 2r*H ' H,.. Z,
—1%8, —2A, +27.)

+ 2H 4Dy Dyt Hy

Y AH'aDyro Doy + 4H 20D,y Dy H2,

— 4H 2D,y D.por Hy H,. — 2H 2D, D.r” HY

+2H’1al:)rm'r’2 (—T4FITZ§T — T’QATHTZ +7r2H,.§, — 2r2ﬁm§

202y 2 AHyy — 2H,, 2 — 1)

— H?aD? _r?H? —3H %aD,..D.,,w*H,,H,.

+ 4H*2aﬁmzﬁzmr2Hfr + H*IQDTZZT2ATHW

+ H*QQDTZZFHMI:L?Z - HfzaD;TTQFIfZ

+2H*aD.,,D.,.r’H,, H,. — H?aD.,,D...H,
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YH 'aD,, (r4ﬁm§r V212 A H,, — 72 H,08, + 202 H,L5
— 22,7, + 2H,, 7. + 3H)

+ 2H_2aDZTTT2ET§Z — 2H_1alA)zrzr2ArHM

—2H%aD,,.r*H,,H*, — H2aD...H> H,,

. 1. 1,
+ae? 5 H,, <—§B¢2HM + §ET2H37«

+ E"E*H,.H,. + %EZQFI32>
+ a (—r6§f + r4flr§r — 4r4§§r — QTZATZAT
+ 472 B, Xys — 4r%8% — 4175, — 6§>
+H 'a (—7’4FI7?Z§T — r2flr1{[fz —2r*2 H,,
+r?H,. H,,5, — 2T2ﬁ32§ + 2r2flszT

+ AZHT’T’IA{T‘Z - QHT’T’-HTZZZ - IA{Ez) + Xr?"ﬁr
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5 15+ 2 - 1~ 1 .
S (sz) = kar <§T2Hrz7- + Hr;lHrerr - iHrsz - iHrzo- - STZ)

+ H 'karH,, (%rQleﬁfzSM —r2H,.5,. + %Hrrszz)

+ 2H  axpr Xaar Hys + 200 BT

— H’laxrrr?’)zmH;lFIfz + QOéXzzTBrz

— H 'ax..r¥e.Hyr — 2H 'aD,p Dy ®H,
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